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Corrections: 
 
1) The last definition in Table 2 should read as, “Let θ be an acute angle of a right triangle. Then 

sin(θ) =
opp
hyp

 .” 

2) A sentence on p. 89 should read as, “He instead used the plotted points to conclude how 
sin(3x) varies over this interval, as opposed to…” 
 
3) A sentence on p. 79 should read as, “If given a circle with a radius length of measure c when 
measured in a unit of magnitude u , then using the length of the radius as a unit of measure 
amounts to measuring in a unit of magnitude c u .” 
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Abstract 
2YHU�WKH�SDVW�¿YH�\HDUV�,�KDYH�VRXJKW�WR�EHWWHU�XQGHUVWDQG�VWXGHQW�WKLQNLQJ�DQG�OHDUQLQJ�LQ�WKH�
FRQWH[W�RI�WRSLFV�FHQWUDO�WR�WULJRQRPHWU\��LQFOXGLQJ�DQJOH�PHDVXUH��WKH�XQLW�FLUFOH��WULJRQRPHWULF�
IXQFWLRQV��SHULRGLFLW\��DQG�WKH�SRODU�FRRUGLQDWH�V\VWHP��:KLOH�HDFK�VWXG\�KDV�SURYLGHG�XQLTXH�
LQVLJKWV�LQWR�VWXGHQWV¶�OHDUQLQJ�RI�WULJRQRPHWU\��D�FRPPRQ�WKHPH�FRQQHFWV�WKH�VWXGLHV¶�¿QGLQJV��
TXDQWLWDWLYH� UHDVRQLQJ� SOD\V� D� FHQWUDO� UROH� LQ� VWXGHQWV¶� WULJRQRPHWULF� XQGHUVWDQGLQJV�� ,Q� WKLV�
FKDSWHU��,�¿UVW�GHVFULEH�D�FRKHUHQW�V\VWHP�RI�XQGHUVWDQGLQJV�IRU�WULJRQRPHWU\�WKDW�LV�JURXQGHG�
LQ�TXDQWLWDWLYH�UHDVRQLQJ��$JDLQVW�WKLV�EDFNGURS��,�FRPSDUH�VWXGHQWV¶�TXDQWLWDWLYH�UHDVRQLQJ�LQ�
WKH�FRQWH[W�RI�WULJRQRPHWU\�LQ�RUGHU�WR�LOOXVWUDWH�WKH�UROH�RI�TXDQWLWDWLYH�UHDVRQLQJ�LQ�WKH�OHDUQLQJ�
RI�D�SDUWLFXODU�PDWKHPDWLFDO�WRSLF�

Coherence, Quantitative Reasoning, and the Trigonometry of Students
:KHWKHU�IRFXVHG�RQ�FODVVURRP�GLVFRXUVH��VWXGHQW�OHDUQLQJ��RU�WHDFKHU�NQRZOHGJH��PDWKHPDWLFV�
HGXFDWLRQ�UHVHDUFK�HIIRUWV�KDYH�ORQJ�VKDUHG�WKH�FRPPRQ�JRDO�RI�GHWHUPLQLQJ�KRZ�WR�HQJHQGHU�
FRKHUHQW�PDWKHPDWLFDO�H[SHULHQFHV�IRU�VWXGHQWV��'HVSLWH�KROGLQJ�WKLV�VKDUHG�JRDO��LW�LV�QRW�FOHDU�
WKDW�WKHUH�LV�D�VKDUHG�LPDJH�RI�ZKDW�FRKHUHQFH�PHDQV�LQ�WKH�FRQWH[W�RI�PDWKHPDWLFDO�LGHDV�DQG�
VWXGHQW�OHDUQLQJ��$V�7KRPSVRQ�GHVFULEHG��³2QH�ZRXOG�WKLQN�WKDW�ZLWK�WKH�LQFUHDVLQJ�HPSKDVLV�
RQ�FXUULFXODU�FRKHUHQFH��HYHU\RQH�ZRXOG�EH�FOHDU�RQ�KRZ�WR� WKLQN�DERXW� LW��7KLV� LV��XQIRUWX-
QDWHO\��QRW�WKH�FDVH´��������S������

7ULJRQRPHWU\� LV� DQ� H[DPSOH�RI� D�PDWKHPDWLFV� WRSLF� WKDW� ODFNV� FRKHUHQFH� LQ�PDWKHPDW-
LFV�HGXFDWLRQ��6WXGHQWV�DUH�H[SHFWHG�WR�XQGHUVWDQG�DQG�ÀH[LEO\�XVH�WULJRQRPHWULF�IXQFWLRQV�LQ�
PXOWLSOH�FRQWH[WV��LQFOXGLQJ�ULJKW�WULDQJOHV�DQG�WKH�XQLW�FLUFOH��<HW��VWXGHQWV�DQG�WHDFKHUV�RIWHQ�
GR�QRW�FRQVWUXFW�PHDQLQJV�IRU�WULJRQRPHWULF�IXQFWLRQV�WKDW�LQFOXGH�UREXVW�FRQQHFWLRQV�EHWZHHQ�
WKHVH�WZR�FRQWH[WV��H�J���$NNRF��������7KRPSVRQ��&DUOVRQ��	�6LOYHUPDQ���������6WXGHQWV¶�DQG�
WHDFKHUV¶�GLI¿FXOWLHV�LQ�WULJRQRPHWU\�VXJJHVW�WKDW�FXUUHQW�FXUULFXOD�DSSURDFKHV�WR�WULJRQRPHWU\�
GR�QRW�HQJHQGHU�FRKHUHQW�VWXGHQW�XQGHUVWDQGLQJV�

,Q�DQ�DWWHPSW�WR�DGGUHVV�WKH�DSSDUHQW�VKRUWFRPLQJV�LQ�WKH�WHDFKLQJ�DQG�OHDUQLQJ�RI�WULJR-
QRPHWU\��,�FRQGXFWHG�D�VHULHV�RI�VWXGLHV�WKDW�DLPHG�WR�LGHQWLI\�ZD\V�RI�UHDVRQLQJ�VXSSRUWLYH�RI�
FRKHUHQW�WULJRQRPHWULF�XQGHUVWDQGLQJV��7KHVH�VWXGLHV�KDYH�UDQJHG�IURP�H[SORULQJ�KRZ�SUHFDO-
FXOXV� VWXGHQWV¶� DQJOH�PHDVXUH�XQGHUVWDQGLQJV� LQÀXHQFH� WKHLU� OHDUQLQJ�RI� WULJRQRPHWULF� IXQF-
WLRQV��0RRUH��������VXEPLWWHG��WR�LQYHVWLJDWLQJ�SUH�VHUYLFH�WHDFKHUV¶�QRWLRQV�RI�WKH�XQLW�FLUFOH�
�0RRUH��/D)RUHVW��	�.LP�� LQ� SUHVV�� DQG� WKH�SRODU� FRRUGLQDWH� V\VWHP��:KLOH� HDFK� VWXG\�KDV�
RIIHUHG�GLIIHUHQW� LQVLJKWV� LQWR�VWXGHQWV¶� WULJRQRPHWULF� WKLQNLQJ��D�FRPPRQ� WKHPH�HPHUJHG� LQ�
HDFK�FDVH��TXDQWLWDWLYH�UHDVRQLQJ��6PLWK�,,,�	�7KRPSVRQ��������7KRPSVRQ��������������ZDV�
FULWLFDO�LQ�VXSSRUWLQJ�WKH�SDUWLFLSDQWV¶�FRQVWUXFWLRQ�RI�D�FRKHUHQW�V\VWHP�RI�WULJRQRPHWULF�LGHDV�

7KH�SUHVHQW�FKDSWHU�LOOXVWUDWHV�WKH�FHQWUDO�UROH�RI�TXDQWLWDWLYH�UHDVRQLQJ�LQ�WULJRQRPHWU\��,�
KRSH�WR�DFFRPSOLVK�D�IHZ�JRDOV��HDFK�RI�ZKLFK�VWHPV�IURP�7KRPSVRQ¶V��������GHVFULSWLRQ�RI�
FRQFHSWXDO�DQDO\VLV��E\�GLVFXVVLQJ�TXDQWLWDWLYH�UHDVRQLQJ�LQ�WKH�FRQWH[W�RI�WULJRQRPHWU\��)LUVW��,�
GHVFULEH�D�WULJRQRPHWU\�WKDW�LV�EXLOW�RQ�D�FRKHUHQW�V\VWHP�RI�PHDQLQJV�JURXQGHG�LQ�TXDQWLWDWLYH�
UHDVRQLQJ��,Q�GRLQJ�VR��,�SURYLGH�DQ�H[DPSOH�RI�KRZ�WKHRULHV�RI�TXDQWLWDWLYH�UHDVRQLQJ�FDQ�DFW�



��

COHERENCE, QR, AND TRIGONOMETRY

DV�D�WRRO�IRU�FKDUDFWHUL]LQJ�D�FRKHUHQW�V\VWHP�RI�PHDQLQJV�IRU�D�PDWKHPDWLFDO�WRSLF��7KH�VHFRQG�
JRDO�RI�WKLV�ZRUN�LV�WR�H[HPSOLI\�VHYHUDO�FHQWUDO�WHQHWV�RI�TXDQWLWDWLYH�UHDVRQLQJ�E\�LOOXVWUDWLQJ�
WKHVH�WHQHWV�LQ�WKH�FRQWH[W�RI�WKH�WULJRQRPHWU\�RI�VWXGHQWV�

Describing a Coherent Trigonometry
$Q\�DWWHPSW�DW�GHVFULELQJ�FRKHUHQFH�PXVW�LQFOXGH�PRUH�WKDQ�D�SURJUHVVLYH�OLVW�RI� WRSLFV�DQG�
GH¿QLWLRQV�� ,I� IRFXVHG�VROHO\�RQ�D� OLVW�RI� WRSLFV��DQ�HGXFDWRU�FDQ�IDOO� LQWR� WKH� WUDS�RI� WUHDWLQJ�
PDWKHPDWLFV�DV�FRPSRVHG�RI�VHJPHQWHG�DQG�PRVWO\�LQGHSHQGHQW�JRDOV�RI�OHDUQLQJ��,GHQWLI\LQJ�
D�VHTXHQFH�RI�WRSLFV�LV�QR�GRXEW�D�FRPSRQHQW�RI�GHYHORSLQJ�FRKHUHQW�PDWKHPDWLFDO�H[SHULHQFHV�
IRU�VWXGHQWV��EXW�FRKHUHQFH�UHVXOWV�IURP��³«WKH�GHYHORSPHQW�RI�PHDQLQJV�RI�HDFK�>WRSLF@�DQG�
WKH�FRQVWUXFWLRQ�RI�FRQWH[WXDO� LQWHU�UHODWLRQVKLSV�DPRQJ� WKHP´��7KRPSVRQ��������S�������$V�
7KRPSVRQ��������KLJKOLJKWHG��HPSKDVLV�PXVW�EH�SODFHG�RQ�PHDQLQJV�DQG�LGHDV��WKH�FRPSDW-
LELOLW\�RI� WKHVH�PHDQLQJV�� DQG�KRZ�FHUWDLQ�PHDQLQJV� VXSSRUW� �RU� LQKLELW�� WKH� FRQVWUXFWLRQ�RI�
VXEVHTXHQW�PHDQLQJV��7KH� LQWURGXFWLRQ�RI�DQJOH�PHDVXUH�EHIRUH� WULJRQRPHWULF�IXQFWLRQV�FHU-
WDLQO\�PDNHV�VHQVH�DV�D�SURJUHVVLYH�VHTXHQFH�RI�WRSLFV��EXW�WKLV�VHTXHQFLQJ�RI�WRSLFV�DORQH�LV�
QRW�HTXLYDOHQW�WR�FRKHUHQFH��,QVWHDG��FRKHUHQFH�LV�WKH�SURGXFW�RI�DQJOH�PHDVXUH�PHDQLQJV�WKDW�
VXSSRUW�VWXGHQWV¶�FRQVWUXFWLRQ�RI�FRQQHFWHG�XQGHUVWDQGLQJV�RI�WULJRQRPHWULF�IXQFWLRQV��

6RPH�7H[WERRN�'H¿QLWLRQV�RI�$QJOH�0HDVXUH�DQG�7ULJRQRPHWULF�)XQFWLRQV
%HORZ�,�SUHVHQW�VHYHUDO�GH¿QLWLRQV�RI�DQJOH�PHDVXUH��7DEOH����DQG�WKH�VLQH�IXQFWLRQ��7DEOH����
WKDW�UHÀHFW�PDQ\�RI�WKRVH�FRPPRQO\�SULQWHG�LQ�86�WH[WERRNV��$V�FDQ�EH�LQIHUUHG��WKHUH�DUH�QX-
PHURXV�GH¿QLWLRQV�IRU�HDFK�WRSLF��ZLWK�HDFK�GH¿QLWLRQ�FRQYH\LQJ�GLIIHUHQW�LPDJHU\��'H¿QLWLRQ���
�7DEOH����DSSURDFKHV�DQJOH�PHDVXUH�DV�WKH�UHVXOW�RI�XVLQJ�D�SURWUDFWRU��ZKLOH�'H¿QLWLRQ����7DEOH�
���GHVFULEHV�DQJOH�PHDVXUH�LQ�WHUPV�RI�WKH�SK\VLFDO�DFW�RI�D�URWDWLRQ��5HODWLYH�WR�WKH�VLQH�IXQF-
WLRQ��'H¿QLWLRQV���DQG����7DEOH����SUHVHQW�WKH�VLQH�IXQFWLRQ�DV�D�FRRUGLQDWH��ZKLOH�'H¿QLWLRQV���
DQG����7DEOH����SUHVHQW�WKH�VLQH�IXQFWLRQ�LQ�WHUPV�RI�D�UDWLR��7KH�GH¿QLWLRQV�SUHVHQWHG�LQ�7DEOHV�
��DQG���DOVR�PHQWLRQ�VHYHUDO�WULJRQRPHWU\�FRQWH[WV��ZLWK�HDFK�FRQWH[W�KDYLQJ�LWV�RZQ�SXUSRVH�
DQG�SODFH�LQ�PDWKHPDWLFV�DQG�UHODWHG�¿HOGV��

'H¿QLWLRQV�RI�$QJOH�0HDVXUH
� $Q�DQJOH�LV�IRUPHG�E\�WZR�UD\V�ZLWK�D�FRPPRQ�HQGSRLQW��<RX�FDQ�PHDVXUH�DQ�

DQJOH�LQ�GHJUHHV�ZLWK�D�SURWUDFWRU��SLFWXUH�RI�SURWUDFWRU�LQFOXGHG�ZLWK�GH¿QLWLRQ).
� $�PHDVXUH�RI�RQH�GHJUHH�LV�HTXLYDOHQW�WR�D�URWDWLRQ�RI�������RI�D�FRPSOHWH�

UHYROXWLRQ�
3 $Q�DQJOH�RI���GHJUHH�LV�������RI�D�FLUFOH�
4 5DGLDQV�DUH�D�XQLW�RI�PHDVXUHPHQW�IRU�DQJOHV�VXFK�WKDW��ʌ�UDGLDQV�FRUUHVSRQG�

WR�D�URWDWLRQ�WKURXJK�DQ�HQWLUH�FLUFOH�
5 7KH�UDGLDQ�PHDVXUH�RI�DQ�DQJOH�LV�WKH�UDWLR�RI�WKH�DUF�FXW�RII�E\�WKH�DQJOH�WR�

WKH�UDGLXV�RI�DQ\�FLUFOH�FHQWHUHG�DW�WKH�YHUWH[�RI�WKH�DQJOH�
6 $Q�DQJOH�RI���UDGLDQ�LV�GH¿QHG�WR�EH�WKH�DQJOH�DW�WKH�FHQWHU�RI�D�XQLW�FLUFOH�WKDW�

VSDQV�DQ�DUF�OHQJWK�RI���
� 7KH�UDGLDQ�PHDVXUH�RI�DQ�DQJOH�LV�WKH�GLVWDQFH�WUDYHOHG�DORQJ�WKH�XQLW�FLUFOH�

IURP�WKH�LQLWLDO�VLGH�RI�WKH�DQJOH�WR�WKH�WHUPLQDO�VLGH�RI�WKH�DQJOH�
Table 1. 'H¿QLWLRQV�RI�DQJOH�PHDVXUH
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'H¿QLWLRQV�RI�WKH�6LQH�)XQFWLRQ
� 7KH�VLQH�RI�DQ�DQJOH�ș��GHQRWHG�VLQ�ș��LV�GH¿QHG�WR�EH�WKH�VHFRQG�FRRUGLQDWH�

RI�WKH�HQGSRLQW�RI�WKH�UDGLXV�RI�WKH�XQLW�FLUFOH�WKDW�PDNHV�DQ�DQJOH�ș�ZLWK�WKH�
SRVLWLYH�KRUL]RQWDO�D[LV�

� &RQVLGHU�D�FLUFOH�ZLWK�D�UDGLXV���FHQWHUHG�DW�WKH�RULJLQ��,I�3 �[� y��LV�D�SRLQW�
RQ�WKH�XQLW�FLUFOH�WKDW�IRUPV�DQ�DQJOH�ș�ZLWK�WKH�RULJLQ�DQG�WKH�SRLQW��������
WKHQ�VLQ�ș y.

3 )RU�DQ\�ULJKW�WULDQJOH�WKDW�KDV�DQ�DFXWH�ș�DQJOH���WKH�VLQH�RI�ș���DEEUHYLDWHG�VLQ�
ș��LV�WKH�UDWLR�RI�WKH�OHQJWK�RI�WKH�OHJ�RSSRVLWH�WKLV�DQJOH�WR�WKH�OHQJWK�RI�WKH�
K\SRWHQXVH�

4 Let ș�EH�DQ�DFXWH�DQJOH�RI�D�ULJKW�WULDQJOH��7KHQ�ș� ����������

Table 2. 'H¿QLWLRQV�RI�WKH�VLQH�IXQFWLRQ

0\�SXUSRVH�IRU�SURYLGLQJ�WKHVH�GH¿QLWLRQV�LV�WR�LOOXVWUDWH�WKH�FRPSOH[LWLHV�LQYROYHG�ZKHQ�
DWWHPSWLQJ�WR�FRQFLVHO\�GH¿QH�WULJRQRPHWULF�IXQFWLRQV�DQG�DQJOH�PHDVXUH��RU�DQ\�PDWKHPDWLFV�
WRSLF�IRU�WKDW�PDWWHU���'H¿QLWLRQV�LQWHQG�WR�FDSWXUH�D�PHDQLQJ�IRU�D�WRSLF�RU�LGHD��%XW��FRJQL-
WLYHO\��PHDQLQJV�DUH�FRPSRVHG�RI�D�FRPSOH[�V\VWHP�RI�VFKHPHV�DQG�RSHUDWLRQV��)RU�LQVWDQFH��
VWXGHQWV¶�PHDQLQJV� IRU� UDWLR� �'H¿QLWLRQV� �� DQG� ���7DEOH� ��� DUH�ZLGH� UDQJLQJ� �7KRPSVRQ�	�
6DOGDQKD���������DQG�WKHVH�GLIIHULQJ�PHDQLQJV�KDYH�VLJQL¿FDQW�LPSOLFDWLRQV�IRU�KRZ�VWXGHQWV¶�
LQWHUSUHW� VXFK�D�GH¿QLWLRQ��$V�7DOO� DQG�9LQQHU� �������GHVFULEHG��D� �FRQFHSW��GH¿QLWLRQ� LV�QR�
PRUH�WKDQ�D�VHTXHQFH�RI�ZRUGV�DQG�V\PEROV��:KDW�LV�PRVW�LPSRUWDQW�LV�WKH�FRJQLWLYH�VWUXFWXUH�
WKDW�LV�HYRNHG�E\�D�GH¿QLWLRQ��DQG�WKLV�FRJQLWLYH�VWUXFWXUH�LV�WKH�SURGXFW�RI�\HDUV�RI�H[SHULHQFH��

7KH�IDFW�WKDW�WKH�DERYH�GH¿QLWLRQV�UHIHUHQFH�VHYHUDO�PDWKHPDWLFDO�WRSLFV�DQG�FRQWH[WV�HP-
SKDVL]HV�WKH�FRQQHFWHGQHVV�RI�PDWKHPDWLFV��&RKHUHQFH�PXVW�DWWHQG�WR�WKH�¿W�RI�VHYHUDO�WRSLFV¶�
PHDQLQJV��ZKLFK�FDQ¶W�EH�DFFRPSOLVKHG�E\�D�OLVW�RI�WRSLFV�RU�D�VHTXHQFH�RI�WH[WERRN�GH¿QLWLRQV��
:KHQ�GHVFULELQJ�D�FRKHUHQW�WULJRQRPHWU\�LQ�WKH�IROORZLQJ�VHFWLRQV��,�DYRLG�DQ�HPSKDVLV�RQ�GH¿-
QLWLRQV�WKDW�DUH�LQ�WKH�VSLULW�RI�WKRVH�OLVWHG�DERYH��,QVWHDG��,�DLP�WR�GHVFULEH�D�V\VWHP�RI�PHDQLQJV�
WKDW�HQDEOH�UHDVRQLQJ�DERXW� WULJRQRPHWULF� IXQFWLRQV�� UHJDUGOHVV�RI� WKH�FRQWH[W�� LQ�FRPSDWLEOH�
ZD\V��DW�OHDVW�DW�WKH�LQWURGXFWRU\�OHYHO��

It Starts with Angle Measure
6WXGHQWV¶�DQG�WHDFKHUV¶�GLI¿FXOWLHV�LQ�WULJRQRPHWU\�RIWHQ�VWHP�IURP�LPSRYHULVKHG�DQJOH�PHDVXUH�
XQGHUVWDQGLQJV��$NNRF��������0RRUH��������VXEPLWWHG��7RSoX��.HUWLO��$NNRo��<LOPD]��	�gQGHU��
�������3URYLGLQJ�D�SRVVLEOH�H[SODQDWLRQ�IRU�WKLV�SKHQRPHQRQ��%UHVVRXG��������DQG�7KRPSVRQ�
�������LGHQWL¿HG�WKDW�86�FXUULFXOD�FRPPRQO\�WUHDW�DQJOH�PHDVXUH�DQG�WULJRQRPHWULF�IXQFWLRQV�
LQ�ZD\V� WKDW� FUHDWH� LQFRPSDWLEOH�PHDQLQJV� IRU� GHJUHH� DQG� UDGLDQ� DQJOH�PHDVXUHV��7KHVH� LQ-
FRPSDWLEOH�PHDQLQJV�IRUP�DQ�LQKHUHQW�GLYLGH�EHWZHHQ�WULJRQRPHWU\�FRQWH[WV��DQG�WKLV�GLYLGH�
LV�UHLQIRUFHG�E\�WKH�SUHGRPLQDQW�XVH�RI�GHJUHH�PHDVXUHV�ZLWK�ULJKW�WULDQJOH�WULJRQRPHWU\�DQG�
UDGLDQ�DQJOH�PHDVXUHV�ZLWK�XQLW�FLUFOH�WULJRQRPHWU\�

$�VWXGHQW¶V�¿UVW�H[SHULHQFH�ZLWK�DQJOH�PHDVXUH�WHQGV�WR�EHJLQ�ZLWK�WKH�XVH�RI�D�SURWUDFWRU�
WR�GHWHUPLQH�DQ�DQJOH�PHDVXUH��'H¿QLWLRQ����7DEOH�����6WXGHQWV�DUH�WDXJKW�WR�XVH�D�SURWUDFWRU��
FODVVLI\�VHYHUDO�W\SHV�RI�DQJOHV��H�J���DFXWH��VXSSOHPHQWDU\��FRPSOHPHQWDU\��DQG�YHUWLFDO���DQG�
SHUIRUP�FDOFXODWLRQDO�VWUDWHJLHV�WR�UHODWH�WKH�PHDVXUHV�RI�WKHVH�W\SHV�RI�DQJOHV��6XFK�FDOFXOD-
WLRQDO�VWUDWHJLHV�DQG�WKH�UHODWLRQVKLSV�GULYLQJ�WKHVH�VWUDWHJLHV�DUH�LPSRUWDQW�IRU�JHRPHWU\��EXW�DW�
WKH�VDPH�WLPH�WKLV�FDOFXODWLRQDO�DSSURDFK�WR�DQJOH�PHDVXUH�GRHV�QRW�DGGUHVV�WKH�VWUXFWXUH�RI�WKH�

RSS
K\S
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XQLW�XVHG�WR�PHDVXUH�DQ�DQJOH¶V�RSHQQHVV��7HDFKLQJ�VWXGHQWV�WR�XVH�D�SURWUDFWRU�ZLWKRXW�DGGUHVV-
LQJ�WKH�PHDQLQJ�RI�WKH�PHDVXUH�LQ�UHODWLRQ�WR�WKH�VWUXFWXUH�RI�WKH�PHDVXULQJ�XQLW�FLUFXPYHQWV�
the TXDQWL¿FDWLRQ� �7KRPSVRQ��������RI�DQJOH�PHDVXUH��$�OLNHO\�FRQVHTXHQFH�RI�SHGDJRJLFDO�
DSSURDFKHV�WKDW�IDLO�WR�SURSHUO\�DGGUHVV�WKH�TXDQWL¿FDWLRQ�RI�DQJOH�PHDVXUH�LV�WKDW�VWXGHQWV�IDLO�
WR�GHYHORS�D�GLVFHUQDEOH�FRQFHSW�RI�DQJOH�PHDVXUH��0RRUH��VXEPLWWHG��

&RQWUDU\� WR� WKH� WHDFKLQJ� RI� GHJUHH� DQJOH�PHDVXUH�� FRPPRQ� WUHDWPHQWV� RI� UDGLDQ� DQJOH�
PHDVXUH�GR�QRW�LQFOXGH�PHDVXULQJ�DQJOHV�ZLWK�D�SURWUDFWRU��,Q�IDFW��RQH�LV�KDUG�SUHVVHG�WR�¿QG�
D�SURWUDFWRU�IRU�PHDVXULQJ�DQJOHV�LQ�UDGLDQV���,QVWHDG��UDGLDQ�DQJOH�PHDVXUH�LV�GH¿QHG�LQ�WHUPV�
RI�D�PXOWLSOLFDWLYH� UHODWLRQVKLS�EHWZHHQ� WKH�DUF� OHQJWK�VXEWHQGHG�E\�DQ�DQJOH¶V� UD\V�DQG� WKH�
UDGLXV�RI�WKH�FRUUHVSRQGLQJ�FLUFOH��ZKLFK�LV�UHSUHVHQWHG�E\�WKH�IRUPXOD�V Uș��5DGLDQ�PHDVXUH�
LV�DOVR�LQWURGXFHG�ZHOO�DIWHU�D�VWXGHQW¶V�¿UVW�H[SHULHQFH�ZLWK�GHJUHH�PHDVXUH��OLNHO\�OHDGLQJ�WR�
WKH�VLWXDWLRQ�ZKHUH�VWXGHQWV�VSHQG�\HDUV�GHYHORSLQJ�QRWLRQV�RI�GHJUHH�DQJOH�PHDVXUH�WKDW�GLI-
IHU�VLJQL¿FDQWO\�IURP�LQWHQGHG�UDGLDQ�PHDVXUH�PHDQLQJV��,Q�VXFK�D�VLWXDWLRQ�� LW�VKRXOG�FRPH�
DV� OLWWOH�VXUSULVH� WKDW�VWXGHQWV�DQG� WHDFKHUV�GHYHORS�GLVFRQQHFWHG�DQG�VKDOORZ�DQJOH�PHDVXUH�
XQGHUVWDQGLQJV�WKDW�DUH�GRPLQDWHG�E\�GHJUHH�DQJOH�PHDVXUH��$NNRF��������7RSoX�HW�DO���������

,I�GHJUHH�DQG�UDGLDQ�DQJOH�PHDVXUHV�DUH�PHDVXUHV�RI�WKH�VDPH�WKLQJ�±�WKH�RSHQQHVV�RI�DQ�
DQJOH�±�DQG�ZH�H[SHFW�VWXGHQWV�WR�GHYHORS�FRPSDWLEOH�PHDQLQJV�IRU�WKHVH�XQLWV��WKHQ�LQVWUXF-
WLRQ�VKRXOG�DSSURDFK�ERWK�XQLWV�LQ�WKH�VDPH�PDQQHU�IURP�WKH�RXWVHW��$V�%UHVVRXG��������DQG�
7KRPSVRQ��������GHVFULEHG��DUF�OHQJWK�LGHDV�IRU�DQJOH�PHDVXUH�RIIHU�D�ZD\�WR�DGGUHVV�ERWK�XQLWV�
LQ�WKH�VDPH�PDQQHU�� $QJOH�PHDVXUHV��LQ�HLWKHU�XQLW��FDQ�EH�WKRXJKW�RI�DV�FRQYH\LQJ�WKH�IUDFWLRQ-
DO�DPRXQW�RI�DQ\�FLUFOH¶V�FLUFXPIHUHQFH�VXEWHQGHG�E\�WKH�DQJOH¶V�UD\V��SURYLGHG�WKDW�WKH�FLUFOH�
LV�FHQWHUHG�DW�WKH�YHUWH[�RI�WKH�DQJOH��$Q\�XQLW�WKDW�LV�SURSRUWLRQDO�WR�WKH�FLUFOH¶V�FLUFXPIHUHQFH�
FDQ�EH�XVHG�WR�PHDVXUH�DQ�DQJOH��ZLWK�VWDQGDUG�XQLWV�VWHPPLQJ�IURP�FRQYHQLHQFH��H�J���UDGLDQV�
DQG�XQLWL]LQJ�D�FLUFOH¶V�UDGLXV�OHQJWK��RU�FRQWH[WXDO�FKDUDFWHULVWLFV��H�J���GHJUHHV�DQG�SODQHWDU\�
PRWLRQ���$Q�DQJOH�WKDW�PHDVXUHV�RQH�GHJUHH�VXEWHQGV�������RI�WKH�FLUFXPIHUHQFH�RI�DQ\�FLUFOH�
FHQWHUHG�DW�WKH�YHUWH[�RI�WKH�DQJOH�DQG�DQ�DQJOH�WKDW�PHDVXUHV�RQH�UDGLDQ�VXEWHQGV����ʌ�RI�WKH�
FLUFXPIHUHQFH�RI�DQ\�FLUFOH�FHQWHUHG�DW�WKH�YHUWH[�RI�WKH�DQJOH�

'HYHORSLQJ� DQJOH�PHDVXUH� DV� WKH� IUDFWLRQDO� DPRXQW� RI� DQ\� FLUFOH¶V� FLUFXPIHUHQFH� VXE-
WHQGHG�E\�DQ�DQJOH¶V�UD\V�HQDEOHV�GH¿QLQJ�ERWK�XQLWV�RI�DQJOH�PHDVXUH�LQ� WHUPV�RI� WKH�VDPH�
TXDQWLWDWLYH�UHODWLRQVKLS��(TXLYDOHQW�GHJUHH�DQG�UDGLDQ�DQJOH�PHDVXUHV�FRQYH\�WKH�VDPH�IUDF-
WLRQDO�DPRXQW�RI�D�FLUFOH¶V�FLUFXPIHUHQFH�WKDW�LV�VXEWHQGHG�E\�WKH�DQJOH¶V�UD\V��LI�G�GHJUHHV�LV�
HTXLYDOHQW�WR�r UDGLDQV��WKHQ� d

360
=
r
2� ���$V�ZLWK�DQ\�SDLU�RI�XQLWV�WKDW�PHDVXUH�WKH�VDPH�TXDQWLW\��

GHJUHH�DQG�UDGLDQ�XQLWV�DUH�MXVW�VFDOHG�YHUVLRQV�RI�HDFK�RWKHU��7KRPSVRQ��������DQG�VKRXOG�EH�
WUHDWHG�DV�VXFK�LI�VWXGHQWV�DUH�WR�FRQQHFW�PHDVXUHV�LQ�ERWK�XQLWV�

More on Measuring in Radii
7H[WERRNV�RIWHQ�GH¿QH�WULJRQRPHWULF�IXQFWLRQV�LQ�WKH�FRQWH[W�RI�WKH�XQLW�FLUFOH��ZKLFK�LV�SUH-
VHQWHG�DV�D�FLUFOH�ZLWK� RU�D�UDGLXV�RI�RQH��'H¿QLWLRQV���DQG����7DEOH�����/LWWOH�WR�QR�DWWHQWLRQ�LV�
JLYHQ�WR�ZKDW�³�´�UHSUHVHQWV��KRZ�³�´�PLJKW�EH�UHODWHG�WR�D�FLUFOH¶V�UDGLXV�WKDW�LV�QRW�HTXDO�WR�³�´�
�H�J���D�FLUFOH�ZLWK�D�UDGLXV�RI����IHHW���RU�KRZ�³�´�UHODWHV�WR�PHDVXULQJ�WKH�FLUFXPIHUHQFH�RI�D�

���$W�WKH�WLPH�RI�ZULWLQJ�WKLV�FKDSWHU��,�FRXOG�QRW�¿QG�D�SURWUDFWRU�IRU�SXUFKDVH�RQ�*RRJOH��ZZZ�JRRJOH�
FRP�VKRSSLQJ��RU�$PD]RQ��ZZZ�DPD]RQ�FRP��WKDW�PHDVXUHV�LQ�UDGLDQV�
��� ,�KDYH�EHHQ�DVNHG�ZK\�ERWK�XQLWV�FDQ¶W�EH�GH¿QHG�LQ�WHUPV�RI�DQ�DPRXQW�RI�URWDWLRQ��5RWDWLRQ�LPDJHU\�
FDQ�FHUWDLQO\�EH�XVHG�IRU�WKH�RSHQQHVV�RI�DQ�DQJOH��EXW�VXFK�LPDJHU\�VWLOO�OHDYHV�WKH�TXHVWLRQ�RI��³:KDW�GR�
ZH�PHDQ�E\�D�URWDWLRQ�RI�D�GHJUHHV��DQG�KRZ�GR�ZH�GHWHUPLQH�ZKHQ�D�UD\�KDV�URWDWHG�D�GHJUHHV�IURP�DQRWKHU�
UD\"´�7KHVH�TXHVWLRQV�UDLVH�LVVXHV�RI�KRZ�RQH�TXDQWL¿HV�D�URWDWLRQ��LVVXHV�WKDW�FDQ�EH�DGGUHVVHG�WKURXJK�
PHDVXULQJ�DUF�OHQJWKV��,�DOVR�QRWH�WKDW�LQ�ZRUNLQJ�ZLWK�VWXGHQWV��,¶YH�IRXQG�WKDW�URWDWLRQ�LPDJHU\�LV�D�QDWXUDO�
E\SURGXFW�RI�D�TXDQWL¿FDWLRQ�SURFHVV�WKDW�LQYROYHV�PHDVXULQJ�DORQJ�DUFV�
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FLUFOH�LQ�UDGLL��,�H[SHFW�WKDW�WKLV�OHDGV�WR�VWXGHQWV�FRQFHLYLQJ�RI�³�´�DV�D�QXPEHU��H�J���D�QXPEHU�
WKDW�GRHV�QRW�UHÀHFW�WKH�UHVXOW�RI�D�PHDVXUHPHQW�SURFHVV���DV�RSSRVHG�WR�D�YDOXH��H�J���D�QXPEHU�
WKDW�UHSUHVHQWV�WKH�UHVXOW�RI�D�PHDVXUHPHQW�SURFHVV��

$�VSHFL¿HG�YDOXH�UHSUHVHQWV�D�PHDVXUH�DQG�QHFHVVLWDWHV�D�XQLW�DVVRFLDWHG�ZLWK�WKH�YDOXH�
�7KRPSVRQ���������$Q�DSSURDFK�WKDW�GHYHORSV�³�´�DV�D�YDOXH�LV�WR�FRQVLGHU�WKH�XQLW�FLUFOH�DV�WKH�
SURGXFW�RI�XVLQJ�WKH�UDGLXV�RI�D�FLUFOH�DV�D�XQLW�RI�PHDVXUH��,I�JLYHQ�D�FLUFOH�ZLWK�D�UDGLXV�OHQJWK�
RI�PHDVXUH�F�ZKHQ�PHDVXUHG�LQ�D�XQLW�RI�PDJQLWXGH�__X__��WKHQ�XVLQJ�WKH�OHQJWK�RI�WKH�UDGLXV�DV�D�
XQLW�RI�PHDVXUH�DPRXQWV�WR�PHDVXULQJ�LQ�D�XQLW�RI�PDJQLWXGH���0HDVXULQJ�LQ�D�XQLW�RI�PDJQLWXGH�

F__X__�\LHOGV�PHDVXUHV�WKDW�DUH� �WLPHV�DV�ODUJH�DV�HTXLYDOHQW�PHDVXUHV�LQ�D�XQLW�RI�PDJQLWXGH���

7KXV��ZKHQ�PHDVXUHG�LQ�D�XQLW�RI�PDJQLWXGH�F__X__��WKH�UDGLXV�KDV�D�PHDVXUH�RI� ��RU����)LJXUH�
���3�,Q�WKLV�FDVH��WKH�³�´�UHSUHVHQWV�D�PHDVXUH�LQ�UDGLL��DQG�WKH�JLYHQ�FLUFOH�FDQ�QRZ�EH�WKRXJKW�
RI�DV�D�XQLW�FLUFOH��D�FLUFOH�ZLWK�D�UDGLXV�RI�OHQJWK���UDGLL��7KH�FLUFOH¶V�FLUFXPIHUHQFH�FDQ�DOVR�
EH�PHDVXUHG�LQ�UDGLL��\LHOGLQJ�D�PHDVXUH�RI��ʌ�UDGLL��WKH�SURFHVV�RI�PHDVXULQJ�LQ�UDGLL�FRQQHFWV�
WKH�XQLW�FLUFOH�WR�UDGLDQ�DQJOH�PHDVXUHV��)URP�KHUH��WKH�UDGLXV�FDQ�EH�WKRXJKW�RI�DV�WKH�XQLW�RI�
PHDVXUH�IRU�GLVWDQFHV�IURP�WKH�FHQWHU�RI�WKH�FLUFOH��ZKLFK�SURGXFHV�WKH�FRRUGLQDWH�SDLUV�DVVRFL-
DWHG�ZLWK�WKH�XQLW�FLUFOH��

'HYHORSLQJ�D�PHDQLQJ�IRU�WKH�XQLW�FLUFOH�WKDW�LV�URRWHG�LQ�PHDVXULQJ�OHQJWKV�LQ�UDGLL�DOVR�HQDEOHV�
GH¿QLQJ� WKH�RXWSXWV�RI� WKH�VLQH�DQG�FRVLQH� IXQFWLRQV� �H�J��� FRRUGLQDWHV�RQ� WKH�XQLW�FLUFOH��DV�
PHDVXUHV�LQ�UDGLL��7KH�RXWSXWV�DUH�YDOXHV��WKH\�UHSUHVHQW�PHDVXUHV�WKDW�HQWDLO�D�XQLW��VLQ�������
§�������PHDQV�WKDW�IRU�D�SRLQW�WKDW�LV�DQ�DUF�OHQJWK�RI������UDGLL�FRXQWHU�FORFNZLVH�IURP�WKH���
R¶FORFN�SRVLWLRQ�RQ�D�FLUFOH��WKH�YHUWLFDO�GLVWDQFH�DERYH�WKH�FLUFOH¶V�KRUL]RQWDO�GLDPHWHU�LV�DS-
SUR[LPDWHO\�������UDGLL��������WLPHV�DV�ODUJH�DV�WKDW�FLUFOH¶V�UDGLXV���7KH�WUHDWPHQW�RI�WKH�RXWSXW�
RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�DV�PHDVXUHV�LQ�UDGLL�DOVR�SURYLGHV�D�QDWXUDO�DYHQXH�IRU�DGGUHVV-
LQJ�WKH�DPSOLWXGH�RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV��7R�GHWHUPLQH�WKH�FRRUGLQDWH�SDLU��LQ�)LJXUH�
���ZH�¿UVW�GHWHUPLQH�WKH�DSSURSULDWH�YHUWLFDO�DQG�KRUL]RQWDO�GLVWDQFHV�LQ�UDGLL��H�J����FRV��������

�� 7KLV�PHDVXUH�PDJQLWXGH�DSSURDFK�WR�XQLW�FRQYHUVLRQ�LV�GHVFULEHG�E\�7KRPSVRQ��������DQG�VWHPV�IURP�
:LOGL¶V�GLVFXVVLRQ�RI�PDJQLWXGH���������,QVWHDG�RI�SODFLQJ�DQ�HPSKDVLV�RQ�GLPHQVLRQDO�DQDO\VLV��H�J���XQLW�
FDQFHOODWLRQ���IRFXV�LV�VKLIWHG�WR�FRRUGLQDWLQJ�KRZ�WKH�PHDVXUH�RI�D�TXDQWLW\�FKDQJHV�DV�WKH�PDJQLWXGH�RI�
WKH�XQLW�XVHG�WR�PDNH�WKH�PHDVXUH�FKDQJHV�

Figure 1. 8VLQJ�WKH�UDGLXV�DV�D�XQLW�RI�PHDVXUH
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VLQ���������DQG�WKHQ�PXOWLSO\�WKHVH�PHDVXUHV�E\�WKH�OHQJWK�RI�WKH�UDGLXV�PHDVXUHG�LQ�WKH�GHVLUHG�
XQLW��H�J���rFRV��������rVLQ��������*HQHUDOL]LQJ�WKLV�DSSURDFK�IRU�DQ�DQJOH�PHDVXUH�ș��ZH�REWDLQ�
�[�\�� ��rFRV�ș����rVLQ�ș����,Q�WKLV�FDVH��WKH�DPSOLWXGH�RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�UHSUHVHQWV�
D�FRQYHUVLRQ�WR�PHDVXUHV�LQ�ZKDWHYHU�XQLW�RQH�FKRRVHV�WR�PHDVXUH�WKH�UDGLXV�

Connecting Trigonometry Contexts
$W� WKLV�SRLQW�� ,�KDYHQ¶W�DGGUHVVHG� WULJRQRPHWULF� IXQFWLRQV� LQ�D� ULJKW� WULDQJOH�FRQWH[W�� LQVWHDG�
IRFXVLQJ�RQ�D�FLUFOH�FRQWH[W�WR�GLVFXVV�DQJOH�PHDVXUH�DQG�PHDVXULQJ�LQ�UDGLL��7KH�WULJRQRPHWULF�
UDWLRV�IRU�WKH�RXWSXW�RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�QDWXUDOO\�VXUIDFH�ZKHQ�WKH�XQLW�FLUFOH�LV�
GHYHORSHG�WKURXJK�D�SURFHVV�RI�PHDVXULQJ�LQ�UDGLL��)LJXUH�����EXW�WKH�TXHVWLRQ�RI�KRZ�D�FLUFOH�
OHVV�ULJKW�WULDQJOH��)LJXUH����LV�FRQQHFWHG�WR�WKH�XQLW�FLUFOH�UHPDLQV�

Figure 2. $�VWDQGDUG�ULJKW�WULDQJOH�WULJRQRPHWU\�GLDJUDP
�

7KH�DIRUHPHQWLRQHG�DSSURDFK�WR�DQJOH�PHDVXUH�QHFHVVLWDWHV�FRQVWUXFWLQJ�D�FLUFOH�FHQWHUHG�
DW�WKH�YHUWH[�RI�WKH�DQJOH�WR�EH�PHDVXUHG��7KXV��ZKHQ�SUHVHQWHG�ZLWK�WKH�DQJOH�PHDVXUH�ș�LQ�
)LJXUH����,�LQWHQG�WKDW�WKH�UHDGHU�LPDJLQH�D�IDPLO\�RI�FLUFOHV��RU�DW�OHDVW�RQH�FLUFOH��FHQWHUHG�DW�
WKH�YHUWH[�RI�WKH�DQJOH��$V�RQH�RSWLRQ��WKH�DUF�XVHG�WR�GHQRWH�WKH�DQJOH�RI�PHDVXUH�ș�FDQ�EH�H[-
WHQGHG�WR�IRUP�D�FLUFOH�FHQWHUHG�DW�WKH�YHUWH[�RI�WKH�DQJOH��$V�DQRWKHU�RSWLRQ��WKH�K\SRWHQXVH�RI�
WKH�ULJKW�WULDQJOH�FDQ�EH�FKRVHQ�DV�WKH�UDGLXV�RI�D�FLUFOH��)LJXUH�����7KLV�VHFRQG�RSWLRQ�OHDGV�WR�
WKH�VLWXDWLRQ�SUHVHQWHG�LQ�)LJXUH����DQG�WKH�WULJRQRPHWULF�UDWLRV�HPHUJH�IURP�XVLQJ�WKH�K\SRWH-
QXVH��D�UDGLXV��DV�D�XQLW�RI�PHDVXUH�IRU�WKH�OHJV�RI�WKH�ULJKW�WULDQJOH��)RU�H[DPSOH��WKH�RXWSXW�RI�
WKH�VLQH�IXQFWLRQ�FDQ�EH�WKRXJKW�RI�DV�D�PHDVXUH�LQ�K\SRWHQXVH��RU�UDGLXV��XQLWV�RI�WKH�OHJ�RS-
SRVLWH�WR�Whe DQJOH��H�J���VLQ�ș�� �  or KVLQ�ș�� �E��ș��LQ�UDGLDQV���$W�WKLV�SRLQW��LGHDV�RI�VLPLODU-

LW\�FDQ�EH�XVHG�WR�FRQVLGHU�WKH�LPSOLFDWLRQV�RI�LQFUHDVLQJ�RU�GHFUHDVLQJ�WKH�OHQJWK�RI�WKH�K\SRW-
HQXVH� �H�J��� WKH� OHJ� OHQJWKV��PHDVXUHG� LQ�K\SRWHQXVH�XQLWV�� DUH�FRQVWDQW� IRU� D� FRQVWDQW� DQJOH�
PHDVXUH��
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%\�OHYHUDJLQJ�YDULRXV�PHDVXUHPHQW�LGHDV�DQG�DUF�PHDQLQJV�IRU�DQJOH�PHDVXUH��ULJKW�WULDQ-
JOH�WULJRQRPHWU\�FDQ�EXLOG�RQ�WKH�DIRUHPHQWLRQHG�LGHDV�RI�XQLW�FLUFOH�WULJRQRPHWU\��7KH�VLQH�DQG�
FRVLQH�IXQFWLRQV�UHODWH�DQJOH�PHDVXUHV��ZLWK�UDGLDQV�EHLQJ�WKH�VWDQGDUGL]HG�XQLW��DQG�OHQJWKV�
WKDW�DUH�PHDVXUHG� LQ�D�SDUWLFXODU�XQLW� �WKH�K\SRWHQXVH�RU� UDGLXV���$GGLWLRQDOO\��GLUHFWO\� W\LQJ�
DQJOH�PHDVXUHV�WR�DUFV�VR�WKDW�VWXGHQWV�LPDJLQH�D�FLUFOH�DORQJ�ZLWK�DQ�DQJOH�PHDVXUH�RIIHUV�D�
QDWXUDO�FRQQHFWLRQ�EHWZHHQ�WKH�WZR�VHWWLQJV��ZLWK�WKH�K\SRWHQXVH�RI�D�ULJKW�WULDQJOH�EHLQJ�RQH�
FKRLFH�IRU�WKH�UDGLXV�RI�D�FLUFOH�

%HIRUH�FRQWLQXLQJ�� ,�QRWH� WKDW� WKLV�DSSURDFK� WR� WULJRQRPHWU\�KHDYLO\� UHOLHV�RQ�PHDVXUH-
PHQW�� ZKLFK� LOOXVWUDWHV� WKDW� FRKHUHQFH� LQYROYHV� WKH� ¿W� RI�PHDQLQJV�� 6WXGHQWV¶�PHDVXUHPHQW�
VFKHPHV�DUH�QRQ�WULYLDO�DQG�GHYHORS�RYHU�\HDUV�RI�H[SHULHQFH��6WHIIH������D������E��6WHIIH�	�
2OLYH���������$�VWXGHQW¶V�QRWLRQV�RI�PHDVXUHPHQW�ZLOO�FULWLFDOO\�LQÀXHQFH�KHU�DELOLW\�WR�FRQVWUXFW�
PHDQLQJV�FRPSDWLEOH�ZLWK� WKRVH�SUHYLRXVO\�GHVFULEHG��DQG�FRKHUHQFH�ZRXOG�EH� WKH� UHVXOW�RI�
LQVWUXFWLRQ�GHYHORSLQJ�PHDVXUHPHQW�QRWLRQV�DW�DQ�HDUO\�DJH� WKDW� VXSSRUW� WKH�DIRUHPHQWLRQHG�
DSSURDFK�WR�WULJRQRPHWU\�

Quantitative Reasoning and the Trigonometry of Students
7KH�SUHYLRXV�GLVFXVVLRQ�RXWOLQHV�D�IHZ�FHQWUDO�WULJRQRPHWU\�LGHDV��EXW�LW�GRHV�QRW�DGGUHVV�KRZ�
WKH�GHVFULEHG�LGHDV�PLJKW�GHYHORS�RU�HPHUJH�ZKHQ�ZRUNLQJ�ZLWK�VWXGHQWV��:RUNLQJ�ZLWK�VWX-
GHQWV�LV�QHFHVVDU\�WR�XQFRYHU�XQIRUHVHHQ�ZD\V�RI�WKLQNLQJ�DQG�FKDUDFWHUL]H�WKH�LPSOLFDWLRQV�RI�
WKHVH�ZD\V�RI�WKLQNLQJ��$V�6WHIIH�DQG�7KRPSVRQ��������GHVFULEHG��ZRUNLQJ�ZLWK�VWXGHQWV�SODFHV�
D�UHVHDUFKHU�LQ�D�VLWXDWLRQ�ZKHUH�KH�FDQ�H[SHULHQFH�FRQVWUDLQWV�LQ�WKH�VWXGHQWV¶�ZD\V�RI�RSHUDW-
LQJ��7KHVH�H[SHULHQFHV�HQDEOH�WKH�UHVHDUFKHU�WR�PRGLI\�KLV�QRWLRQ�RI�ZKDW�PHDQLQJV�DQG�ZD\V�
RI�UHDVRQLQJ�DUH�FHQWUDO�WR�WKH�GHYHORSPHQW�RI�D�FRKHUHQW�XQGHUVWDQGLQJ�IRU�D�WRSLF��ZKLOH�DOVR�
GHWHUPLQLQJ�KRZ�YDULRXV�PHDQLQJV�PLJKW�GHYHORS�

:KDW�IROORZV�LV�D�GLVFXVVLRQ�WKDW�KLJKOLJKWV�VWXGHQW�UHDVRQLQJ�LQ�WKH�FRQWH[W�RI�WKH�DIRUH-
PHQWLRQHG�LGHDV�RI�WULJRQRPHWU\��6SHFL¿FDOO\��,�SUHVHQW�GDWD�IURP�D�VHULHV�RI�VWXGLHV��0RRUH��
������������VXEPLWWHG��0RRUH�HW�DO���LQ�SUHVV��WKDW�LOOXVWUDWH�KRZ�WKHVH�LGHDV�SOD\�D�FULWLFDO�UROH�
LQ�VWXGHQWV¶�OHDUQLQJ�RI�WULJRQRPHWU\��,Q�DGGLWLRQ�WR�FKDUDFWHUL]LQJ�LQVWDQFHV�LQ�ZKLFK�VWXGHQWV�
DSSHDUHG�WR�UHDVRQ�LQ�ZD\V�FRPSDWLEOH�ZLWK�WKH�DIRUHPHQWLRQHG�LGHDV��,�GLVFXVV�RFFDVLRQV�GXU-

Figure 3. 8VLQJ�WKH�K\SRWHQXVH�DV�WKH�UDGLXV�RI�D�FLUFOH�
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LQJ�ZKLFK�VWXGHQWV�GLG�QRW�DFW�LQ�ZD\V�FRPSDWLEOH�ZLWK�WKHVH�LGHDV��&ROOHFWLYHO\��WKH�LQVWDQFHV�
RI�VWXGHQWV¶�DFWLRQV�GHPRQVWUDWH�WKH�FHQWUDOLW\�RI�TXDQWLWDWLYH�UHDVRQLQJ�UHODWLYH�WR�IRXQGDWLRQDO�
WULJRQRPHWU\�FRQFHSWV���

Angle Measure: Quantitative Relationships vs. Labels
7KRPSVRQ� �������������FODLPHG� WKDW�FRPPRQ�FXUULFXOD�DSSURDFKHV� WR�DQJOH�PHDVXUH�GR�
QRW�SURPRWH�FOHDU�DQG�FRKHUHQW�PHDQLQJV�IRU�DQJOH�PHDVXUH��3DUWLFXODUO\��WKHVH�DSSURDFKHV�
GR� QRW� VXSSRUW� WKH� TXDQWL¿FDWLRQ� RI� DQJOH�PHDVXUH� LQ� D� GLVFHUQDEOH� ZD\�� &RUURERUDWLQJ�
7KRPSVRQ¶V� FKDUDFWHUL]DWLRQ� RI� FXUULFXOD� DSSURDFKHV� WR� DQJOH�PHDVXUH�� ,� LGHQWL¿HG� WKDW�
SUHFDOFXOXV�VWXGHQWV�KROG�PXOWLSOH�GLVFRQQHFWHG�PHDQLQJV�IRU�DQJOH�PHDVXUHV��ZKHUH�WKHVH�
PHDQLQJV�RIWHQ�GHSHQG�RQ�WKH�PHDVXUH�XQGHU�FRQVLGHUDWLRQ��0RRUH��������������VXEPLW-
WHG���:KHQ�JLYHQ�DQJOH�PHDVXUHV�OLNH����GHJUHHV������GHJUHHV��RU�����GHJUHHV��WKH�VWXGHQWV�
UHIHUHQFHG� SHUSHQGLFXODU� OLQHV�� VWUDLJKW� OLQHV�� DQG� FLUFOHV�� UHVSHFWLYHO\�� DQJOH� PHDVXUHV�
ZHUH�LQKHUHQW�SURSHUWLHV�RI�JHRPHWULF�REMHFWV��DV�RSSRVHG�WR�VSHFL¿HG�YDOXHV�UHVXOWLQJ�IURP�
D�PHDVXUHPHQW�SURFHVV��)RU�DQJOH�PHDVXUHV��H�J�����GHJUHH�RU����GHJUHHV��WKDW�GLG�QRW�LQ-
YRNH�JHRPHWULF�REMHFWV��WKH�VWXGHQWV�UHJXODUO\�GHVFULEHG�FDOFXODWLRQV�WR�GHWHUPLQH�VXSSOH-
PHQWDU\�DQG�FRPSOHPHQWDU\�DQJOHV��H�J���DQJOHV�WKDW�IRUPHG�WKHVH�JHRPHWULF�REMHFWV�ZLWK�
DQ�DQJOH�RI�WKH�JLYHQ�PHDVXUH���DQJOH�PHDVXUHV�ZHUH�GH¿QHG�E\�FDOFXODWLRQDO�UHODWLRQVKLSV�
ZLWK�RWKHU�DQJOH�PHDVXUHV��

7KH�VWXGHQWV¶�ODFN�RI�D�GLVFHUQDEOH�DQJOH�PHDVXUH�FRQFHSW�SUHYHQWHG�WKHP�IURP�VROYLQJ�
YDULRXV�WDVNV�WKDW�UHTXLUHG�WKHP�WR�UHDVRQ�DERXW�DQ�DQJOH�PHDVXUH�LQGHSHQGHQW�RI�RWKHU�DQJOH�
PHDVXUHV��VXFK�DV�GHWHUPLQLQJ�ZD\V�WR�PHDVXUH�DQ�DQJOH�ZLWKRXW�D�SURWUDFWRU��,Q�UHVSRQVH��,�
ZRUNHG�ZLWK�WKH�VWXGHQWV�WR�GHYHORS�WKH�DQJOH�PHDVXUH�PHDQLQJV�RXWOLQHG�LQ�WKH�SUHYLRXV�VHF-
WLRQ��$�¿QGLQJ�RI�WKH�VWXG\�ZDV�WKDW�WKH�VWXGHQWV¶�TXDQWL¿FDWLRQ�RI�DQJOH�PHDVXUH�ZDV�JUDGXDO�
DQG� UHTXLUHG� WKDW� WKH\� IUHTXHQWO\� UHÀHFW� RQ� WKHLU� DFWLRQV�� SDUWLFXODUO\� WR� JLYH�PHDQLQJ� WR�
H[HFXWHG�FDOFXODWLRQV�DQG�QXPEHUV��:KHQ�VROYLQJ�WKH�LQVWUXFWLRQDO�DFWLYLWLHV��LW�ZDV�FRPPRQ�
IRU�WKH�VWXGHQWV�WR�GHWHUPLQH�VSHFL¿HG�YDOXHV�DQG�H[HFXWH�FDOFXODWLRQV�LQYROYLQJ�WKHVH�YDOXHV�
�H�J���GLYLGLQJ�DQ�DUF� OHQJWK�E\�D�FLUFOH¶V� UDGLXV�RU�FLUFXPIHUHQFH���%XW�� WKH�VWXGHQWV� LQIUH-
TXHQWO\�UHÀHFWHG�RQ�WKHLU�FDOFXODWLRQV�LQ�WHUPV�RI�D�VWUXFWXUH�RI�UHODWHG�TXDQWLWLHV��,QVWHDG��WKH�
VWXGHQWV�W\SLFDOO\�VRXJKW�WR�GHWHUPLQH�VXEVHTXHQW�FDOFXODWLRQV��JLYLQJ�OLWWOH�FRQVLGHUDWLRQ�WR�
GHWHUPLQLQJ�D�PHDQLQJ�IRUH�WKH�H[HFXWHG�FDOFXODWLRQ��7KLV�DSSURDFK�WR�VROYLQJ�WKH�SUREOHPV�
RIWHQ�UHVXOWHG� LQ� WKH�VWXGHQWV�IDLOLQJ�WR�JLYH�PHDQLQJ�WR�QXPEHUV�RU�NHHS�WUDFN�RI�D�PHDQ-
LQJ�IRU�D�GHWHUPLQHG�QXPEHU��7KXV��LW�EHFDPH�QHFHVVDU\�WKDW�,�SURPSW�WKH�VWXGHQWV�WR�UHÀHFW�
RQ�DQG�FRQVLGHU�WKH�PHDQLQJ�RI�WKHLU�FDOFXODWLRQV�LQGHSHQGHQW�RI�WKH�QXPHULFDO�UHVXOW�RI�WKH�
FDOFXODWLRQ�

$V�DQ�H[DPSOH��ZKHQ�FUHDWLQJ�SURWUDFWRUV�RI�GLIIHUHQW�VL]HV�GXULQJ�DQ�LQVWUXFWLRQDO�DFWLYLW\��
WKH�VWXGHQWV�GHWHUPLQHG�WKH�FLUFXPIHUHQFHV�RI�WKH�SURWUDFWRUV�DQG�WKH�FRUUHVSRQGLQJ�DUF�OHQJWKV�
DVVRFLDWHG�ZLWK�RQH�XQLW�RI�DQJOH�PHDVXUH��$W�WKLV�WLPH��,�SURPSWHG�WKH�VWXGHQWV�WR�GHWHUPLQH�D�
PHDQLQJ�IRU�GLYLGLQJ�VXEWHQGHG�DUF�OHQJWKV�E\�WKH�FLUFXPIHUHQFH�RI�WKH�FRUUHVSRQGLQJ�FLUFOH��
$IWHU�QRWLQJ� WKDW� WKH� UDWLRV�ZHUH�HTXLYDOHQW�� WKH�VWXGHQWV�FRQFOXGHG� WKDW� WKH� UDWLRV�FRQYH\HG�
WKDW�WKH�DQJOH�VXEWHQGHG�DQ�HTXLYDOHQW�IUDFWLRQDO�DPRXQW�RI�HDFK�FLUFOH¶V�FLUFXPIHUHQFH��7KLV�
UHDOL]DWLRQ�VXSSRUWHG�WKH�VWXGHQWV�LQ�FRQFOXGLQJ�WKDW�DQ�DQJOH�PHDVXUH�FRQYH\V�WKH�IUDFWLRQDO�
DPRXQW�RI�DQ\�FLUFOH¶V�FLUFXPIHUHQFH�VXEWHQGHG�E\�WKH�DQJOH��2SSRUWXQLWLHV�OLNH�WKLV�ZHUH�LQ-
VWUXPHQWDO�LQ�VXSSRUWLQJ�WKH�VWXGHQWV¶�TXDQWL¿FDWLRQ�RI�DQJOH�PHDVXUH��6SHFL¿FDOO\��WKH�VWXGHQWV¶�
UHÀHFWLRQ�RQ�WKHLU�FDOFXODWLRQV�LQ�WHUPV�RI�WKH�TXDQWLWLHV�RI�WKH�VLWXDWLRQ�FUHDWHG�RFFDVLRQV�GXU-
LQJ�ZKLFK�WKH\�FRXOG�DEVWUDFW�PHDQLQJV�IRU�DQJOH�PHDVXUHV�LQYROYLQJ�TXDQWLWDWLYH�UHODWLRQVKLSV�
EHWZHHQ�XQVSHFL¿HG�YDOXHV�
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7R� LOOXVWUDWH� VWXGHQW� DFWLRQV� WKDW� FDPH�DV� D� FRQVHTXHQFH�RI� FRQVWUXFWLQJ� DQJOH�PHDVXUH�
PHDQLQJV�WKDW�ZHUH�FRPSULVHG�RI�TXDQWLWDWLYH�UHODWLRQVKLSV��FRQVLGHU�=DF¶V�VROXWLRQ�WR�WKH�³$UF�
/HQJWK�3UREOHP´��)LJXUH�����([FHUSW����
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=DF�8P��RN��6R�ZKDW�,�SODQ�RQ�GRLQJ�IRU�WKLV�RQH�LV�FRQYHUWLQJ�WKLUW\�¿YH�GHJUHHV�LQWR�
UDGLDQV��$QG�D�YHU\�HDV\�ZD\�RI�GRLQJ�WKDW�LV�SXWWLQJ�WKLUW\�¿YH�RYHU�WKUHH�VL[W\�LV�
HTXDO�WR�[�RYHU�WZR�SL��ZULWLQJ�FRUUHVSRQGLQJ�HTXDWLRQ�«$QG�WKHQ�ZLWK�WKDW�DOO�,�KDYH�
WR�GR�LV�MXVW�PXOWLSO\�WKH�DQVZHU��SRLQWLQJ�WR�[��E\�WZR�LQFKHV��WZR�SRLQW�
IRXU�LQFKHV��DQG�WZR�SRLQW�QLQH�LQFKHV��SRLQWLQJ�WR�HDFK�YDOXH�LQ�WKH�SUREOHP�
VWDWHPHQW��WR�JHW�WKH�GLIIHUHQW�DUF�OHQJWKV��LGHQWLI\LQJ�HDFK�DUF�OHQJWK�ZLWK�KLV�SHQ�
WLS��ULJKW�WKHUH��EHFDXVH�UDGLDQV�LV�MXVW�D�SHUFHQWDJH�RI�D�UDGLXV���=DF�H[HFXWHV�GH�
VFULEHG�FDOFXODWLRQV�DQG�LQWHUYLHZHU�DVNV�KLP�WR�H[SODLQ�KLV�DQJOH�FRQYHUVLRQ�
IRUPXOD���:HOO�ZKDW�\RX¶UH�GRLQJ�LV�MXVW�WHFKQLFDOO\�¿QGLQJ�D�SHUFHQWDJH��/LNH�WKLUW\�
¿YH�RYHU�WKUHH�VL[W\�LV��XVLQJ�FDOFXODWRU���LV�QLQH�SRLQW�VHYHQ�SHUFHQW�RI�WKH�
IXOO�FLUFXPIHUHQFH�

=DF¶V� DFWLRQV� VXJJHVW� WKDW� KLV� DQJOH� PHDVXUH� PHDQLQJV� HQWDLOHG� TXDQWLWDWLYH� UHODWLRQVKLSV��
DQG� WKHVH� UHODWLRQVKLSV� HQDEOHG�=DF� WR� SOD\� RXW� KLV� VROXWLRQ�ZLWKRXW� H[HFXWLQJ� FDOFXODWLRQV��
6SHFL¿FDOO\��=DF�¿UVW�UHDVRQV�WKDW�DQJOH�PHDVXUHV�FRQYH\�D�IUDFWLRQDO�DPRXQW�RI�FLUFOH¶V�FLU-
FXPIHUHQFH�WR�FRQYHUW�EHWZHHQ�WZR�DQJOH�PHDVXUHV��OLQHV�����	��������7KHQ��ZLWKRXW�GHWHUPLQ-
LQJ�D�VSHFL¿HG�UDGLDQ�DQJOH�PHDVXUH��KH�UHDVRQV�WKDW�UDGLDQ�PHDVXUHV�FRQYH\�D�PXOWLSOLFDWLYH�
UHODWLRQVKLS�EHWZHHQ� WKH�DUF� OHQJWKV�VXEWHQGHG�E\� WKH�DQJOH�DQG� WKH�FRUUHVSRQGLQJ�UDGLXV� WR�
DQWLFLSDWH�GHWHUPLQLQJ�WKH�XQGHWHUPLQHG�DUF�OHQJWKV��

,Q�FRQWUDVW�WR�UHDVRQLQJ�DERXW�DQJOH�PHDVXUHV�DV�YDOXHV�WKDW�HQWDLO�TXDQWLWDWLYH�UHODWLRQ-
VKLSV��DQRWKHU�VWXGHQW��$P\��LQYROYHG�LQ�WKH�VDPH�VWXG\�DV�=DF�SUHGRPLQDQWO\�UHDVRQHG�DERXW�
DQJOH�PHDVXUHV�DV� ODEHOV�RI�JHRPHWULF�REMHFWV��$P\�UHIHUHQFHG�DQJOH�PHDVXUHV�DV�³SDUW�RI�D�
FLUFOH�´�\HW�KHU�DFWLRQV�GLG�QRW�VXJJHVW�UHDVRQLQJ�DERXW�DUF�OHQJWKV�DV�PHDVXUDEOH�DQG�PXOWLSOL-

*LYHQ�WKDW� WKH�IROORZLQJ�DQJOH�PHDVXUHPHQW�ș� LV����GHJUHHV��GHWHUPLQH�WKH� OHQJWK�RI�
HDFK�DUF�FXW�RII�E\�WKH�DQJOH��&RQVLGHU�WKH�FLUFOHV�WR�KDYH�UDGLXV�OHQJWKV�RI���LQFKHV������
LQFKHV��DQG�����LQFKHV��¿JXUH�QRW�WR�VFDOH).

Figure 4. $UF�/HQJWK�3UREOHP
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FDWLYHO\�FRPSDUDEOH�WR�RWKHU�OHQJWKV��H�J���WKH�FLUFXPIHUHQFH���$P\¶V�DFWLRQV�DOVR�LPSOLHG�WKDW��
LQ�WKH�FRQWH[W�RI�DQJOH�PHDVXUH��VKH�KDG�QRW�PDGH�D�GLVFHUQDEOH�GLVWLQFWLRQ�EHWZHHQ�DUHDV�DQG�
DUF�OHQJWKV�DV�PHDVXUDEOH�DWWULEXWHV��$P\¶V�DQJOH�PHDVXUH�QRWLRQV�KDG�VLJQL¿FDQW�LPSOLFDWLRQV�
IRU�KHU�OHDUQLQJ�RI�WULJRQRPHWULF�IXQFWLRQV��$V�DQ�H[DPSOH��FRQVLGHU�KHU�GHVFULSWLRQ�RI�ʌ�ZKHQ�
LQWHUSUHWLQJ�WKH�HTXDWLRQ�FRV�ʌ�� �����([FHUSW�����
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$P\��2N��ZHOO��ZH�KDYH�FRVLQH�SL�DQG�\RX�JHW�QHJDWLYH�RQH��6R�XVXDOO\�ZKHQ�\RX�
KDYH��,�PHDQ�ZKDW�ZH¶YH�GRQH�LQ�WKH�SDVW��OLNH�XS�KHUH��LV�WKH�SRVLWLYH�VLGH�
�WUDFLQJ�WKH�WRS�KDOI�RI�D�FLUFOH���$QG�GRZQ�KHUH�LV�OLNH�QHJDWLYH��SRLQWLQJ�WR�WKH�
ERWWRP�KDOI�RI�D�FLUFOH���/LNH�LI�ZH�GR�LW�RQ�OLNH�D�OLWHUDO�JUD���OLWHUDO�JUDSK��,W�ZLOO��
,¶P�JRLQJ�WR�IDU�LQWR�LW��QHYHU�PLQG��8P��WKLV�LV�OLNH�SOXV�RQH�DQG�WKLV�ZLOO�EH�OLNH�
QHJDWLYH�RQH��ZULWLQJ�HDFK�YDOXH�E\�WKH�FRUUHVSRQGLQJ�SDUW�RI�WKH�FLUFOH���$QG�
WKHQ�VLQFH�SL�LV�KDOI�D�FLUFOH��WUDFLQJ�WKH�ERWWRP�KDOI�RI�D�FLUFOH���ZKHQ�,�VHH�
FRVLQH�SL��WR�PH��WKDW�PHDQV��OLNH�WKH�ERWWRP�KDOI�RI�WKH�FLUFOH��LV�ZKDW�LW�
UHSUHVHQWV�
.0���6R�ZKDW�GR�ZH�PHDQ�E\���
$P\���6R�QHJDWLYH�RQH��OLNH�UDGLXV��DW�WKH�ERWWRP�KDOI�VLQFH���
.0��6R�WKH�SL�EHFDXVH�LW¶V�QHJDWLYH�QRZ�UHSUHVHQWV�WKH�ERWWRP�KDOI�
$P\���<D��RI�WKH�FLUFOH�

'XULQJ�WKLV�LQWHUDFWLRQ��$P\¶V�LQWHUSUHWDWLRQ�RI�QXPEHUV�DV�ODEHOV�RU�UHIHUHQWV�RI�JHRPHWULF�RE-
MHFWV��DV�RSSRVHG�WR�YDOXHV�WKDW�HQWDLO�PXOWLSOLFDWLYH�UHODWLRQVKLSV��LV�SUHYDOHQW�DV�VKH�GHVFULEHV�
ʌ�DV�³KDOI�D�FLUFOH�´�ZLWK�WKH�QXPEHU����VLJQLI\LQJ�WKH�³ERWWRP�KDOI´�RI�D�FLUFOH��$IWHU�WKLV�LQ-
WHUDFWLRQ��$P\�DGGHG��³2N��FRVLQH�RI�SL�LV�MXVW�KDOI�WKH�FLUFOH�´�6XFK�UHDVRQLQJ�LQKLELWHG�$P\¶V�
DELOLW\�WR�LQWHUSUHW�VWDWHPHQWV�OLNH�VLQ�����§�������$QRWKHU�LPSOLFDWLRQ�RI�$P\¶V�UHDVRQLQJ�ZDV�
WKDW�LW�GLG�QRW�VXSSRUW�FRQFHSWXDOL]LQJ�JUDSKV�DV�D�FROOHFWLRQ�RI�SDLUHG�YDOXHV�WKDW�UHSUHVHQW�KRZ�
WKHVH�YDOXHV�YDU\�LQ�WDQGHP��,QVWHDG��VKH�LQWHUSUHWHG�JUDSKV�RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�DV�
UHSUHVHQWLQJ�WKH�³WRS�KDOI´�DQG�³ERWWRP�KDOI´�RI�FLUFOHV��2Q�WKH�RWKHU�KDQG��=DF�FRQFHLYHG�RI�WKH�
LQSXW�RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�DV�WKH�PHDVXUH�RI�DQ�DUF�LQ�UDGLL��ZKLFK�VXEVHTXHQWO\�VXS-
SRUWHG�KLP�LQ�FRPLQJ�WR�XQGHUVWDQG�WKH�VLQH�IXQFWLRQ�DV�UHSUHVHQWDWLYH�RI�KRZ�WZR�TXDQWLWLHV¶�
YDOXHV�YDU\�LQ�WDQGHP��GHVFULEHG�EHORZ��

Unit Circle: A Circle of Radius One vs. a Circle of One Radius Length
7KH�DSSURDFK� WR� WKH�XQLW�FLUFOH�RXWOLQHG�HDUOLHU� UHTXLUHV�FRRUGLQDWLQJ�FKDQJHV� LQ�D�TXDQWLW\¶V�
PHDVXUH�ZLWK�FKDQJHV�LQ�WKH�PDJQLWXGH�RI�WKH�XQLW�XVHG�WR�PHDVXUH�WKH�TXDQWLW\��7KLV�DSSURDFK�
WR�XQLW�FRQYHUVLRQ�VWDQGV�LQ�VWDUN�FRQWUDVW�WR�PRUH�WUDGLWLRQDO�DSSURDFKHV�WR�XQLW�FRQYHUVLRQ��)RU�
LQVWDQFH��GLPHQVLRQDO�DQDO\VLV��RU�³XQLW�FDQFHOODWLRQ´��LV�FRPPRQSODFH�LQ�PDWKHPDWLFV��SK\V-
LFV��DQG�HQJLQHHULQJ�HGXFDWLRQ��'LPHQVLRQDO�DQDO\VLV�W\SLFDOO\�SURFHHGV�DV�IROORZV�

��,�KDYH�D�PHDVXUH����PHWHUV��WKDW�,�QHHG�WR�FRQYHUW�WR�DQRWKHU�XQLW�RI�PHDVXUH��D�QXPEHU�
RI�IHHW�

��7KHUH�DUH�DSSUR[LPDWHO\������IHHW�LQ�RQH�PHWHU��RU�WKHUH�DUH�DSSUR[LPDWHO\�������PHWHUV�
LQ�RQH�IRRW��

��,�XVH�WKH�FDOFXODWLRQ�RI��3 PHWHUV � 
�����IHHW

§������IHHW��PHWHU 
 

�RU�����PHWHUV � 
��IHHW

§������IHHW�����PHWHUV EHFDXVH�WKH�XQLWV�FDQFHO�DSSURSULDWHO\�
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7KLV� DSSURDFK� WR� XQLW� FRQYHUVLRQ� FLUFXPYHQWV� FRRUGLQDWLQJ� UHODWLRQVKLSV� EHWZHHQ� WKH�
PDJQLWXGH�XVHG�WR�PHDVXUH�D�TXDQWLW\�DQG�WKH�PHDVXUH�4�$V�7KRPSVRQ������D��GHVFULEHG��GL-
PHQVLRQDO�DQDO\VLV�LV�QRW�PXFK�PRUH�WKDQ�D�³IRUPDOLVWLF�VXEVWLWXWH�IRU�FRPSUHKHQVLRQ´�WKDW�LV�
GHVLJQHG�WR�³JHW�PRUH�DQVZHUV´��S��������&RQ¿UPLQJ�7KRPSVRQ¶V�FODLP��5HHG��������LGHQWL¿HG�
WKDW� �GHVSLWH� H[SHFWLQJ� WKH�FRQWUDU\��GLPHQVLRQDO� DQDO\VLV� FDQ�PDVN� LPSRUWDQW�PDWKHPDWLFDO�
LGHDV�DQG�OHDG�WR�GHFUHDVHV�LQ�VWXGHQW�SHUIRUPDQFH�

:KHQ�ZRUNLQJ�ZLWK�D�SDLU�RI�VWXGHQWV��%RE�DQG�0LQG\��HQUROOHG�LQ�DQ�XQGHUJUDGXDWH�VHF-
RQGDU\�PDWKHPDWLFV�FRQWHQW�IRU�WHDFKLQJ�FRXUVH��WKH�LPSRUWDQFH�RI�PHDVXUH�PDJQLWXGH�UHDVRQ-
LQJ�DQG�WKH�ODFN�RI�PHDQLQJ�EHKLQG�GLPHQVLRQDO�DQDO\VLV�FDPH�WR�D�KHDG��7KLV�RFFXUUHG�DV�WKH�
VWXGHQWV� DWWHPSWHG� WR� XVH� WKH� XQLW� FLUFOH� WR� VROYH� DQJOH�PHDVXUH� DQG� WULJRQRPHWU\�SUREOHPV�
�0RRUH�HW�DO���LQ�SUHVV���6SHFL¿FDOO\��ERWK�%RE�DQG�0LQG\�FRQVLGHUHG�WKH�XQLW�FLUFOH�DV�GLVWLQFW�
IURP�JLYHQ�FLUFOHV�DQG�WKHLU�DWWHPSWV�WR�XVH�GLPHQVLRQDO�DQDO\VLV�RIWHQ�LQKLELWHG�WKHLU�DELOLW\�WR�
UHODWH�JLYHQ�FLUFOHV�WR�WKH�XQLW�FLUFOH�

'XULQJ�WKH�¿UVW�VHVVLRQ�ZLWK�HDFK�VWXGHQW��ZH�SUHVHQWHG�FLUFOHV�ZLWK�JLYHQ�UDGLXV�OHQJWKV�
DQG�VXEWHQGHG�DUF� OHQJWKV� �)LJXUH����DQG�DVNHG� WKH�VWXGHQWV� WR�GHWHUPLQH� WKH�FRUUHVSRQGLQJ�
DQJOH�PHDVXUHV��%RWK�VWXGHQWV5�¿UVW�GUHZ�D�VHFRQG�FLUFOH�ZLWK�³D�UDGLXV�RI�RQH´�DQG�UHIHUUHG�WR�
WKH�JLYHQ�FLUFOH�DV�WKH�³RULJLQDO�FLUFOH´�DQG�WKHLU�GUDZQ�FLUFOH�DV�³WKH�XQLW�FLUFOH�´

Figure 5. %RE¶��OHIW��DQG�0LQG\¶V��ULJKW��LQLWLDO�XVH�RI�WKH�XQLW�FLUFOH

$V�0LQG\�VROYHG�WKH�SUREOHP��VKH�FODLPHG��³6R�WKLV�LV�RXU�RULJLQDO�FLUFOH�DQG�WKLV�LV�JRLQJ�
WR�EH�D�XQLW�FLUFOH��:H�NQRZ�WKDW�E\�QDWXUH��D�XQLW�FLUFOH�LV�JRLQJ�WR�KDYH�D�UDGLXV�RQH��%HFDXVH�
ZH�DUH�DOUHDG\�JLYHQ�WKH�XQLW��ZH�FDQ�JR�DKHDG�DQG�VD\�RQH�LQFK�´�0LQG\�WKHQ�VHW�XS�DQ�HTXD-
WLRQ��)LJXUH����WR�VROYH�IRU�WKH�XQGHWHUPLQHG�DUF�OHQJWK��ZKLOH�FRPSDULQJ�WKH�XQLWV�RI�HDFK�YDOXH�
WR�FRQFOXGH� WKDW� VKH�KDG�VHW�XS� WKH�HTXDWLRQ�FRUUHFWO\� �H�J��� WKH�XQLWV�FDQFHOOHG� LQ� WKH� LQLWLDO�
HTXDWLRQ�VR�WKDW�[�UHSUHVHQWHG�D�QXPEHU�RI�LQFKHV���$IWHU�GHWHUPLQLQJ�[�LQ�LQFKHV��VKH�FKDQJHG�
WKH�XQLWV�RI�KHU�DQVZHU�WR�UDGLDQV��FODLPLQJ�WKDW�WKH�SUREOHP�DVNHG�IRU�DQ�DQJOH�PHDVXUH��/LNH�
0LQG\��%RE�DWWHPSWHG�WR�GHWHUPLQH�D�XQLW�DVVRFLDWHG�ZLWK�WKH�XQLW�FLUFOH��'LIIHULQJ�IURP�0LQG\��
%RE�¿UVW�GLYLGHG�WKH�JLYHQ�PHDVXUHV�E\�WKH�JLYHQ�UDGLXV�OHQJWK��$V�D�UHVXOW�RI�GLYLGLQJ�PHDVXUHV�

���$V�DQ�DVLGH��ZKHQ�FRPSDUHG�WR�WKH�PHWULF�V\VWHP��86�FXVWRPDU\�XQLWV�DSSHDU�TXLWH�DUELWUDU\�DQG�,�H[SHFW�
WKDW�VWXGHQWV�DUH�RIWHQ�EXUGHQHG�ZLWK�WKH�WDVN�RI�DWWHPSWLQJ�WR�UHPHPEHU�WKLQJV�OLNH�KRZ�PDQ\�\DUGV�DUH�LQ�
D�PLOH��DV�RSSRVHG�WR�IRFXVLQJ�RQ�FRRUGLQDWLQJ�PDJQLWXGHV�DQG�PHDVXUHV��:LWK�WKH�PHWULF�V\VWHP��HDFK�XQLW�
PDJQLWXGH�LV�DOZD\V�VRPH�SRZHU�RI����WLPHV�DV�ODUJH�DV�DQ\�RWKHU�XQLW�PDJQLWXGH��7KLV�IHDWXUH�RI�WKH�PHWULF�
V\VWHP�PLJKW�HQDEOH�DQ�LQFUHDVHG�LQVWUXFWLRQDO�IRFXV�RQ�FRRUGLQDWLQJ�PDJQLWXGHV�DQG�PHDVXUHV��DV�WKHUH�LV�
D�GHFUHDVHG�QHHG�WR�PHPRUL]H�WKH�UHODWLRQVKLS�EHWZHHQ�PDJQLWXGHV��
���:H�PHW�ZLWK�HDFK�VWXGHQW�LQGLYLGXDOO\�
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RI�OLNH�XQLWV��H�J���WKH�JLYHQ�UDGLXV�YDOXH�E\�WKH�JLYHQ�UDGLXV�YDOXHV�WR�REWDLQ�³RQH´�IRU�WKH�UDGL-
XV���KH�HQFRXQWHUHG�GLI¿FXOWLHV�XVLQJ�GLPHQVLRQDO�DQDO\VLV�WR�WUDFN�DQG�MXVWLI\�KLV�FDOFXODWLRQV��
%RE�EHFDPH�SDUWLFXODUO\�FRQIXVHG�DV�KH�DWWHPSWHG�WR�XVH�WKH�IRUPXOD�V� �Uș�DQG�UHODWH�XQLWV�IRU�
WKH�YDULDEOHV�RI�V��r��DQG�ș�IRU�ERWK�FLUFOHV�

%RE�DQG�0LQG\¶V�DFWLRQV�VXJJHVW�WKDW�WKHLU�QRWLRQV�RI�WKH�XQLW�FLUFOH�ZHUH�QRW�LQKHUHQWO\�
WLHG�WR�XVLQJ�WKH�UDGLXV�DV�D�XQLW�RI�PHDVXUH��7KH�XQLW�FLUFOH��WR�WKHP��ZDV�D�FLUFOH�RI�³UDGLXV�
RQH�´�EXW�LW�ZDV�QRW�D�FLUFOH�ZLWK�D�UDGLXV�RI�RQH�UDGLXV�OHQJWK��ZKHUH�WKLV�OHQJWK�IRUPHG�WKH�
XQLW�RI�PHDVXUH�IRU�TXDQWLWLHV�RWKHU�WKDQ�WKH�UDGLXV��7KXV��LW�LV�OLNHO\�WKDW�WKH�VWXGHQWV�GLG�QRW�
WKLQN�WR�XVH�WKH�JLYHQ�FLUFOH¶V�UDGLXV�DV�D�XQLW�RI�PHDVXUH��DQG�LQVWHDG�WKH\�FKRVH�WR�GUDZ�D�FLUFOH�
ZLWK�D�³UDGLXV�RI�RQH�´�$OWKRXJK�%RE�SURSHUO\�GLYLGHG�E\�WKH�UDGLXV��KH�GLG�QRW�FRQFHLYH�RI�WKLV�
RSHUDWLRQ�DV�UHSUHVHQWDWLYH�RI�PHDVXULQJ�TXDQWLWLHV�LQ�UDGLL��0LQG\�DUULYHG�DW�WKH�FRUUHFW�VROX-
WLRQ��EXW�ZDV�XQDEOH�WR�H[SODLQ�ZK\�LW�ZDV�DSSURSULDWH�WR�FKDQJH�WKH�XQLWV�WR�KHU�DQVZHU��:KHQ�,�
ODWHU�DVNHG�0LQG\�WR�H[SODLQ�KHU�PHWKRG�RI�FDQFHOOLQJ�WKH�YDOXHV¶�XQLWV��VKH�FODLPHG��³,W¶V�UHDOO\�
DERXW�FRPIRUW�EHFDXVH�,�GRQ¶W�OLNH�WR�GR�VRPHWKLQJ�XQOHVV�,�FDQ�VHH�WKH�XQLWV�SHUIHFWO\�GLYLGLQJ�
RXW�´�

$Q� LPSOLFDWLRQ�RI�GLYRUFLQJ� WKH�XQLW�FLUFOH� IURP�JLYHQ�FLUFOHV�ZDV� WKDW� WKH�VWXGHQWV�HQ-
FRXQWHUHG�GLI¿FXOW\�UHODWLQJ�WULJRQRPHWULF�IXQFWLRQV�WR�FLUFOHV�ZLWK�D�UDGLXV�OHQJWK�QRW�HTXDO�WR�
³RQH�´�)RU�LQVWDQFH��WKH�VWXGHQWV�FRXOG�LGHQWLI\�WKDW�VLQ������§������LPSOLHV�WKDW�WKH�\�FRRUGLQDWH�
RQ�WKH�XQLW�FLUFOH�LV������DW�DQ�DQJOH�PHDVXUH�RI�����UDGLDQV��'H¿QLWLRQ����7DEOH�����+RZHYHU��
WKH�QXPEHU������GLG�QRW�HQWDLO�D�XQLW�RI�PHDVXUH��DQG�WKXV�WKLV�QXPEHU�GLG�QRW�OHQG�LWVHOI�WR�WKH�
PHWKRG�RI�GLPHQVLRQDO�DQDO\VLV�

,Q�UHVSRQVH�WR��D��WKH�VWXGHQWV¶�SURSHQVLW\�WR�UHDVRQ�DERXW�WKH�XQLW�FLUFOH�DV�GLVWLQFW�IURP�
JLYHQ�FLUFOHV�� �E�� WKHLU� IRFXV�RQ�GLPHQVLRQDO� DQDO\VLV�ZKHQ�SHUIRUPLQJ�FDOFXODWLRQV�� DQG� �F��
WKHLU�DEVHQFH�RI�DVVRFLDWLQJ�WKH�XQLW�FLUFOH� WR�PHDVXULQJ�LQ�UDGLL��ZH�HQJDJHG�WKH�VWXGHQWV� LQ�
LQVWUXFWLRQDO� DFWLYLWLHV�GHVLJQHG� WR�GHYHORS�XQLW� FRQYHUVLRQV� WKURXJK� WKH�PDJQLWXGH�PHDVXUH�
DSSURDFK�SUHYLRXVO\�GHVFULEHG��:H�LQWHQGHG�WKDW�WKH�VWXGHQWV�FRPH�WR�XQGHUVWDQG�WKH�XQLW�FLUFOH�
DV�WKH�UHVXOW�RI�FKRRVLQJ�WKH�UDGLXV�DV�D�XQLW�RI�PHDVXUH��ZKLFK�ZH�FRQMHFWXUHG�ZRXOG�QHFHVVLWDWH�
WKDW�WKH�VWXGHQWV�YLHZ�OHQJWKV��H�J���WKH�UDGLXV��DV�WDNLQJ�RQ�PXOWLSOH�PHDVXUHV�DOO�DW�RQFH��H�J���
PHDVXUHV�LQ�UDGLL�DQG�PHDVXUHV�LQ�IHHW��

$V�DQ�H[DPSOH�WDVN��ZH�JDYH�WKH�VWXGHQWV�D�SLFWXUH�RI�D�VWLFN�DQG�DVNHG�TXHVWLRQV�DORQJ�
WKH�OLQHV�RI�

��� :KDW�GRHV�LW�PHDQ�IRU�WKH�VWLFN�WR�KDYH�D�OHQJWK�RI�����IHHW"
��� *LYHQ�WKDW�WKHUH�DUH����LQFKHV�LQ�RQH�IRRW��KRZ�ORQJ�LV�WKH�VWLFN�ZKHQ�PHDVXUHG�LQ�

LQFKHV"�*LYHQ�WKDW�WKHUH�DUH�����IHHW�LQ�D�IRRWEDOO�¿HOG��KRZ�ORQJ�LV�WKH�VWLFN�ZKHQ�
PHDVXUHG�LQ�IRRWEDOO�¿HOG�OHQJWKV"�*LYHQ�WKDW�D�IUDJJOH�LV�D�XQLW�RI�PHDVXUH�WKDW�LV�����
WLPHV�DV�ODUJH�DV���IHHW��ZKDW�LV�WKH�OHQJWK�RI�WKH�VWLFN�ZKHQ�PHDVXUHG�LQ�IUDJJOHV"

��� :KHQ�DQVZHULQJ�WKH�DERYH�TXHVWLRQV��GLG�WKH�OHQJWK�RI�WKH�VWLFN�FKDQJH"
:H�DOVR�LPSRVHG�WKH�UHVWULFWLRQ�WKDW�WKH�VWXGHQWV�FRXOG�QRW�XVH�D�IRUPXOD��ZULWWHQ�H[SUHVVLRQV��
RU�GLPHQVLRQDO�DQDO\VLV�ZKHQ�DQVZHULQJ�HDFK�TXHVWLRQ�DQG�ZH�GHVLJQHG�WKH�IUDJJOHV�TXHVWLRQ�WR�
FRXQWHU�GLPHQVLRQDO�DQDO\VLV��:H�IROORZHG�WKHVH�TXHVWLRQV�ZLWK�D�VLPLODU�WDVN�WKDW�IRFXVHG�RQ�
PHDVXULQJ�DUF�OHQJWKV�DQG�D�FLUFOH¶V�UDGLXV�LQ�GLIIHUHQW�XQLW�PDJQLWXGHV��LQFOXGLQJ�D�PDJQLWXGH�
HTXDO�WR�WKH�UDGLXV�OHQJWK�

:KHQ�VROYLQJ�WKH�VWLFN�WDVN��ZH�REVHUYHG�WKH�VWXGHQWV�PDNLQJ�QR�GLVWLQJXLVKDEOH�GLIIHU-
HQFH�EHWZHHQ�WKH�PDJQLWXGH�RI�WKH�XQLW�DQG�WKH�PHDVXUH�RI�D�TXDQWLW\�LQ�WKDW�XQLW��7KLV�SUHVHQWHG�
WKHP�SUREOHPV�ZKHQ�DWWHPSWLQJ�WR�VROYH�WKH�IUDJJOHV�TXHVWLRQ��$V�WKH\�SURJUHVVHG��WKH\�UHFRQ-
FLOHG�XQH[SHFWHG�UHVXOWV�E\�FRPLQJ�WR�XQGHUVWDQG�D�TXDQWLW\¶V�PHDVXUH�DQG�WKH�PDJQLWXGH�RI�WKH�
XQLW�XVHG�WR�PDNH�WKH�PHDVXUH�DV�LQYHUVHO\�UHODWHG��H�J���LI�WKH�XQLW�PDJQLWXGH�LV�GRXEOHG��WKH�
PHDVXUH�LV�KDOYHG���,Q�WKH�FRQWH[W�RI�D�FLUFOH��WKH�VWXGHQWV�FRQFOXGHG�WKDW�PHDVXUHV�LQ�UDGLL�DUH�
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GHWHUPLQHG�E\�GLYLGLQJ�JLYHQ�PHDVXUHV�E\�WKH�PHDVXUH�RI�WKH�UDGLXV�WR�DFFRXQW�IRU�WKH�OHQJWK�RI�
WKH�UDGLXV�EHFRPLQJ�WKH�XQLW�PDJQLWXGH��$IWHU�WKH�VWXGHQWV�PDGH�WKLV�REVHUYDWLRQ�DQG�QRWHG�WKDW�
TXDQWLWLHV�FDQ�VLPXOWDQHRXVO\�KDYH�PHDVXUHV�LQ�UDGLL�DQG�RWKHU�XQLWV��H�J���TXHVWLRQ���DERYH���ZH�
SUHVHQWHG�WKH�VWXGHQWV�ZLWK�WKH�³:KLFK�&LUFOH"´�SUREOHP��)LJXUH����

&RQVLGHU�FLUFOHV�ZLWK�D�UDGLXV�RI���IHHW������PHWHUV����OLJKW�\HDU����IRRWEDOO�¿HOG��DQG����
PLOHV��:KLFK��LI�DQ\��RI�WKHVH�FLUFOHV�LV�D�XQLW�FLUFOH"

Figure 6. :KLFK�&LUFOH"

0LQG\�SURYLGHG�WKH�IROORZLQJ�UHVSRQVH��([FHUSW����

([FHUSW��
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0LQG\��7KH�XQLW�FLUFOH�GRHVQ¶W�HYHQ�UHTXLUH�D�VSHFL¿F�XQLW�RWKHU�WKDQ�WKH�UDGLXV��,�JXHVV�
WKDW¶V�ZK\�LW¶V�FDOOHG�WKH�XQLW�FLUFOH�LV�OLNH�WKH�UDGLXV�LV�DOZD\V�MXVW�RQH�XQLW«�,I�
ZH�PDGH�WKUHH�IHHW�RXU�UDGLXV�ZH�ZRXOG�MXVW�WKLQN�DERXW�WKH�FLUFOH�LQ�WHUPV�RI�
UDGLL�LQVWHDG�RI�IHHW�WKHQ�LW�ZRXOG�EH�D�XQLW�FLUFOH��(YHU\�FLUFOH�KDV�D�UDGLXV��VR�LI�
\RX�MXVW�ZDQW�WR�WDON�DERXW�WKH�FLUFOH�LQ�WHUPV�RI�WKDW�XQLW�WKH�UDGLXV�WKHQ�HYHU\
FLUFOH�LV�D�XQLW�FLUFOH«DV�ORQJ�DV�\RX�DUH�FRQVLGHULQJ�WKDW�WKH�UDGLXV�LV�RQH�XQLW�
�KROGLQJ�KHU�KDQGV�DSDUW�WR�VLJQLI\�D�OHQJWK���/LNH�SHUKDSV�LW¶V�QRW�RQH�XQLW��,�
PHDQ�LW¶V�QRW�RQH�PHWHU�LQ�OHQJWK��EXW�LW¶V�RQH�UDGLXV�LQ�OHQJWK�

,Q�WKLV�H[DPSOH��0LQG\�GHVFULEHV�WKH�XQLW�FLUFOH�DV�GLUHFWO\�WLHG�WR�XVLQJ�WKH�UDGLXV�DV�D�XQLW�RI�
PHDVXUH��6KH�DOVR�QRWHV�WKDW�HYHU\�FLUFOH�FDQ�EH�WKRXJKW�RI�DV�WKH�XQLW�FLUFOH��UHJDUGOHVV�RI�WKH�
PHDVXUH�RI�WKH�UDGLXV�LQ�RWKHU�XQLWV��0LQG\¶V�SUHVHQW�H[SODQDWLRQ�RI�WKH�XQLW�FLUFOH�VXJJHVWV�GLI-
IHUHQW�UHDVRQLQJ�WKDQ�KHU�SUHYLRXV�DFWLRQV��H�J���GUDZLQJ�D�VHFRQG�FLUFOH�DQG�ODEHOLQJ�WKH�UDGLXV�
ZLWK�D�PHDVXUH�RI�RQH�LQ�D�VSHFL¿HG�XQLW���,Q�WKH�SUHVHQW�FDVH��VKH�XQGHUVWRRG�WKDW�HDFK�FLUFOH¶V�
UDGLXV�FRXOG�VLPXOWDQHRXVO\�EH�PHDVXUHG�LQ�WKH�JLYHQ�XQLW�RU�LQ�D�XQLW�HTXLYDOHQW�WR�WKH�UDGLXV�
OHQJWK�

%RE�JDYH�D�FRPSDWLEOH�H[SODQDWLRQ�WR�0LQG\¶V��VXJJHVWLQJ�WKDW�ERWK�VWXGHQWV�FRQFHSWXDO-
L]HG�WKH�XQLW�FLUFOH�DV�GHSHQGHQW�RQ�XVLQJ�WKH�UDGLXV�DV�D�XQLW�RI�PHDVXUH��$V�WKH�VWXGHQWV�PRYHG�
IRUZDUG�LQ�WKH�WHDFKLQJ�VHVVLRQV��ZH�REVHUYHG�WKH�VWXGHQWV�QR�ORQJHU�FRQVLGHULQJ�WKH�XQLW�FLUFOH�
DV�GLVWLQFW�IURP�JLYHQ�FLUFOHV��$V�RSSRVHG�WR�RQO\�UHODWLQJ�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�WR�D�
FLUFOH�RI�UDGLXV�³RQH�´�WKH�VWXGHQWV¶�FRQFHSWLRQ�RI�WKH�XQLW�FLUFOH�VXSSRUWHG�WKH�XQGHUVWDQGLQJ�
WKDW�ERWK�WKH�LQSXW�DQG�RXWSXW�RI�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�DUH�PHDVXUHG�LQ�UDGLL��DQG�WKDW�
WKHVH�IXQFWLRQV�DUH�DSSOLFDEOH�WR�DQ\�JLYHQ�FLUFOH��)RU�LQVWDQFH��VLQ������§������QRZ�LPSOLHG�WKDW�
D�SRLQW�����UDGLL�IURP�WKH���R¶FORFN�SRVLWLRQ�RQ�D�FLUFOH�LV�DSSUR[LPDWHO\������UDGLL�DERYH�WKH�
FHQWHU�RI�WKH�FLUFOH��DQG�WKH�VWXGHQWV�XVHG�VXFK�UHDVRQLQJ�WR�DSSO\�WULJRQRPHWULF�IXQFWLRQV�WR�
DQ\�JLYHQ�FLUFOH��

Creating Graphs: Connecting Points vs. Covarying Quantities
'XULQJ�WKH�HDUOLHU�RXWOLQH�RI�FHQWUDO�WULJRQRPHWU\�FRQFHSWV��,�GLG�QRW�GLVFXVV�ZD\V�RI�UHDVRQLQJ�
WKDW�PLJKW�VXSSRUW�JUDSKLQJ�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV��RU�KRZ�WKH�SUHVHQWHG�V\VWHP�RI�PHDQ-
LQJV�PLJKW�VXSSRUW�FRQFHLYLQJ�RI�WKHVH�IXQFWLRQV�LQ�ZD\V�WKDW�VXSSRUW�JUDSKLQJ��&RYDULDWLRQDO�
UHDVRQLQJ��GH¿QHG�DV�WKH�FRJQLWLYH�DFWLYLWLHV�LQYROYHG�LQ�FRRUGLQDWLQJ�KRZ�WZR�TXDQWLWLHV�YDU\�
LQ�WDQGHP��LV�FULWLFDO�IRU�VXSSRUWLQJ�VWXGHQWV¶�DELOLW\�WR�FUHDWH�DQG�LQWHUSUHW�JUDSKV�DV�UHSUHVHQWD-
WLRQV�RI�WKH�UHODWLRQVKLS�EHWZHHQ�WZR�TXDQWLWLHV¶�YDOXHV��&DUOVRQ��-DFREV��&RH��/DUVHQ��	�+VX��
������2HKUWPDQ��&DUOVRQ��	�7KRPSVRQ���������&RYDULDWLRQDO�UHDVRQLQJ�LV�DOVR�FHQWUDO�WR�VWX-
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GHQWV¶�OHDUQLQJ�RI�PDMRU�SUHFDOFXOXV�DQG�FDOFXOXV�LGHDV��&DUOVRQ�HW�DO���������&DVWLOOR�*DUVRZ��
������&RQIUH\�	�6PLWK��������2HKUWPDQ�HW�DO���������7KRPSVRQ������E����

:KHQ�ZRUNLQJ�ZLWK�D�JURXS�RI�SUHFDOFXOXV�VWXGHQWV��FRYDULDWLRQDO�UHDVRQLQJ�HPHUJHG�DV�
FULWLFDO� WR� WKHLU� DELOLW\� WR� FRQFHLYH�RI� DQG� UHSUHVHQW� WKH� UHODWLRQVKLS�EHWZHHQ� WZR�TXDQWLWLHV¶�
YDOXHV��0RRUH���������$V�SUHYLRXVO\�GLVFXVVHG��([FHUSW�����RQH�VWXGHQW¶V��$P\��DQJOH�PHDVXUH�
QRWLRQV�GLG�QRW�VXSSRUW�D�FRQFHSWLRQ�RI�WZR�FRYDU\LQJ�TXDQWLWLHV��,Q�IDFW��$P\�GLG�QRW�FRQFHLYH�
RI�DQJOH�PHDVXUH�LQ�D�ZD\�WKDW�HQDEOHG�KHU�WR�VHQVLEO\�LPDJLQH�D�YDU\LQJ�PHDVXUH��ZKLFK�OHG�
KHU�WR�SURGXFH�D�JUDSK�EDVHG�RQ�WKH�VKDSH�RI�WKH�FRQWH[W��7KDW�LV��DV�SUHYLRXVO\�GHVFULEHG��$P\�
FUHDWHG�D�JUDSK�WKDW�SHUFHSWXDOO\�PDWFKHG�WKH�JLYHQ�FLUFOH�

,Q�FRQWUDVW�WR�$P\¶V�DFWLRQV��FRQVLGHU�=DF¶V�VROXWLRQ�WR�WKH�³)HUULV�:KHHO�3UREOHP´��)LJXUH�
����=DF�GLG�QRW�¿UVW�FUHDWH�D�JUDSK��,QVWHDG��KH�GUHZ�D�GLDJUDP�RI�WKH�VLWXDWLRQ��)LJXUH����DQG�
WKHQ�GHVFULEHG�D�FRYDULDWLRQDO�UHODWLRQVKLS�EHWZHHQ�WKH�UHOHYDQW�TXDQWLWLHV��([FHUSW����
([FHUSW��
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=DF�2N��6R�D�UHDOO\�HDV\�ZD\�WR�GR�WKLV�LV�GLYLGH�LW�XS�LQWR�IRXU�TXDGUDQWV��GLYLGHV�WKH�
FLUFOH�LQWR�IRXU�TXDGUDQWV�XVLQJ�D�YHUWLFDO�DQG�KRUL]RQWDO�GLDPHWHU���µ&DXVH�ZHUH�
KHUH��SRLQWLQJ�WR�VWDUWLQJ�SRVLWLRQ���IRU�HYHU\�XQLW�WKH�WRWDO�GLVWDQFH�JRHV��WUDFLQJ�VXF�
FHVVLYH�HTXDO�DUF�OHQJWKV���WKH�YHUWLFDO�GLVWDQFH�LV�LQFUHDVLQJ�DW�DQ�LQFUHDVLQJ�
UDWH��ZULWLQJ�L�L��«7KHQ��XK��RQFH�VKH�KLWV�WKLUW\�VL[�IHHW��KDOIZD\�XS��LW¶V�VWLOO
LQFUHDVLQJ�EXW�DW�D�GHFUHDVLQJ�UDWH��WUDFLQJ�VXFFHVVLYH�HTXDO�DUF�OHQJWKV��ZULWLQJ�
L�G��«8K��WKHQ�ZKHQ�VKH�KLWV�WKH�WRS��DW�VHYHQW\�WZR��LW¶V�GHFUHDVLQJ�DW�DQ�
LQFUHDVLQJ�UDWH��WUDFLQJ�VXFFHVVLYH�HTXDO�DUF�OHQJWKV��ZULWLQJ�G�L��«$QG�WKHQ�
ZKHQ�VKH�KLWV�WKLUW\�VL[�IHHW�DJDLQ�LW¶V�VWLOO�GHFUHDVLQJ��PDNLQJ�RQH�ORQJ�WUDFH�
DORQJ�WKH�DUF�OHQJWK���EXW�DW�D�GHFUHDVLQJ�UDWH��WUDFLQJ�VXFFHVVLYH�HTXDO�DUF�
OHQJWKV��ZULWLQJ�G�G�).
.0�2N��VR�LQ�WHUPV�RI�WKLV�RQH��WKLV�TXDGUDQW��SRLQWLQJ�WR�WKH�ERWWRP�ULJKW�TXDGUDQW���
FRXOG�\RX�VKRZ�PH�RQ�WKHUH�KRZ�\RX�NQRZ�LW¶V�LQFUHDVLQJ�DW�DQ�LQFUHDVLQJ�UDWH"�
-XVW�VKRZ�XVLQJ�WKH�GLDJUDP���
=DF�6R�OLNH��D��VKH�PRYHV�WKDW�PXFK�WKHUH��WUDFLQJ�DQ�DUF�OHQJWK�EHJLQQLQJ�DW�$SULO¶V�
VWDUWLQJ�SRVLWLRQ���WKDW�PXFK�KHUH��WUDFLQJ�DQ�DUF�RI�HTXDO�OHQJWK�RYHU�WKH�ODVW�
SRUWLRQ�RI�$SULO¶V�SDWK�LQ�WKDW�TXDGUDQW���XK��WKH�YHUWLFDO�GLVWDQFH�WKHUH�FKDQJHV�
E\�WKDW�PXFK��WUDFLQJ�YHUWLFDO�VHJPHQW�RQ�WKH�YHUWLFDO�GLDPHWHU���ZKLFK�LV�UHDOO\�
KDUG�WR�VHH�ZLWK�WKLV�IDW�PDUNHU��$QG�WKHQ��XK��WKH�YHUWLFDO�GLVWDQFH�KHUH�FKDQJHV�
E\�WKDW�PXFK��WUDFLQJ�YHUWLFDO�VHJPHQW�IURP�WKH�VWDUWLQJ�SRVLWLRQ�RI�WKH�VHFRQG�DUF�
OHQJWK���ZKLFK�LV�D�PXFK�ELJJHU�FKDQJH�

&RQVLGHU�D�)HUULV�ZKHHO�ZLWK�D�UDGLXV�RI����IHHW�WKDW�WDNHV�����PLQXWHV�WR�FRPSOHWH�D�IXOO�URWD-
WLRQ��$SULO�ERDUGV�WKH�)HUULV�ZKHHO�DW�WKH�ERWWRP�DQG�EHJLQV�D�FRQWLQXRXV�ULGH�RQ�WKH�)HUULV�
ZKHHO��6NHWFK�D�JUDSK�WKDW�UHODWHV�WKH�WRWDO�GLVWDQFH�WUDYHOHG�E\�$SULO�DQG�KHU�YHUWLFDO�GLVWDQFH�
IURP�WKH�JURXQG�

Figure 7. )HUULV�:KHHO�3UREOHP

=DF¶V� GHVFULSWLRQ� VXJJHVWV� UHDVRQLQJ� DERXW� KRZ� WKH� YHUWLFDO� GLVWDQFH� �IURP� WKH� JURXQG�� DQG�
D�WUDYHUVHG�DUF�OHQJWK�YDU\�LQ�WDQGHP��,Q�DGGLWLRQ�WR�GHVFULELQJ�ERWK�WKH�GLUHFWLRQDO�EHKDYLRU�
RI�WKH�YHUWLFDO�GLVWDQFH�DQG�WKH�UDWH�RI�FKDQJH�RI�WKH�YHUWLFDO�GLVWDQFH�ZLWK�UHVSHFW�WR�D�YDU\-
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LQJ�GLVWDQFH�WUDYHOHG��OLQHV��������=DF�FRPSDUHV�FKDQJHV�RI�YHUWLFDO�GLVWDQFH�FRUUHVSRQGLQJ�WR�
HTXDO�FKDQJHV�RI�GLVWDQFH�WUDYHOHG��=DF�IROORZHG�WKLV�LQWHUDFWLRQ�E\�FUHDWLQJ�D�FRUUHFW�JUDSK�DQG�
GHVFULELQJ�WKH�JUDSK�LQ�FRPSDWLEOH�ZD\V�ZLWK�([FHUSW����VXJJHVWLQJ�WKDW�KH�FRQFHLYHG�RI�WKH�
JUDSK�DV�UHÀHFWLYH�RI�KLV�FRQVWUXFWHG�FRYDULDWLRQDO�UHODWLRQVKLS��$OVR�LPSRUWDQW�WR�QRWH�LV�WKDW�
=DF�LPDJLQHG�WUDYHOLQJ�DORQJ�D�PHDVXUDEOH�DUF�OHQJWK�ZKHQ�GHVFULELQJ�KRZ�WKH�TXDQWLWLHV�YDULHG�
LQ�WDQGHP��DQ�DFWLRQ�WKDW�PLJKW�KDYH�EHHQ�VXSSRUWHG�E\�DQJOH�PHDVXUH�XQGHUVWDQGLQJV�URRWHG�
LQ�UHDVRQLQJ�DERXW�DUFV�

Figure 8. =DF¶V�GLDJUDP

=DF¶V�DFWLRQV�DOVR�VXJJHVW�WKDW�KH�LPDJLQHG�WKH�FRYDULDWLRQDO�UHODWLRQVKLS�EHWZHHQ�WKH�UHO-
HYDQW�TXDQWLWLHV�DV�KDYLQJ�FHUWDLQ�SURSHUWLHV�RYHU�HQWLUH�DUF�OHQJWK�LQWHUYDOV��&DVWLOOR�*DUVRZ�
�������UHYHDOHG�WKDW�VWXGHQWV¶�DWWHQWLYHQHVV�WR�KRZ�TXDQWLWLHV�FRYDU\�RYHU�D�FRQWLQXXP�RI�YDOXHV�
LV�D�NH\�DVSHFW�RI�FRYDULDWLRQDO�UHDVRQLQJ��,Q�=DF¶V�FDVH��KH�GLG�IRFXV�RQ�FRPSDULQJ�FRPSOHWHG�
LQWHUYDOV�RI�YDULDWLRQ��EXW�KH�DOVR�VKRZHG�VLJQV� �H�J��� WUDFLQJ�FRQWLQXRXVO\�DORQJ�DUF� OHQJWKV�
ZKLOH�JLYLQJ�KLV�GHVFULSWLRQ��RI�UHPDLQLQJ�DZDUH�WKDW�WKH�YDULDWLRQ�WKDW�RFFXUUHG�ZLWKLQ�HDFK�RI�
WKHVH�LQWHUYDOV�KHOG�WKH�VDPH�SURSHUWLHV�DV�WKH�LQWHUYDOV�KH�ZDV�FRPSDULQJ��

$V� DQ� H[DPSOH� RI� D� VWXGHQW� QRW� H[SOLFLWO\� FRQVLGHULQJ� YDULDWLRQ� ZLWKLQ� LQWHUYDOV�� %RE�
JUDSKHG�WKH�UHODWLRQ�\� �VLQ��[��E\�¿UVW�GHWHUPLQLQJ�y YDOXHV�WKDW�FRUUHVSRQGHG�WR�[�YDOXHV�RI����
ʌ
�
��DQG�ʌ��+H�SORWWHG�WKHVH�SRLQWV��FODLPHG��³,�JXHVV�LW�MXVW�UHÀHFWV�>VLQ�[�@�´�DQG�WKHQ�FRQQHFWHG�

WKH�SRLQWV��)LJXUH�����%RE�GLG�QRW�FRQVLGHU�KRZ��YDULHV�RYHU�WKH�LQWHUYDO�RI������[���ʌ
�
�XQWLO�DIWHU 

KH�SORWWHG�WKH�SRLQWV��+H�LQVWHDG�XVHG�WKH�SORWWHG�SRLQWV�WR�FRQFOXGH�KRZ��YDULHV�RYHU�WKLV�LQWHU-
YDO��DV�RSSRVHG�WR�LPDJLQJ�KRZ�VLQ��[��YDULHV�DV�[�FRQWLQXRXVO\�LQFUHDVHV�IURP����VLQ��[��¿UVW�
LQFUHDVHV���%RE¶V�JUDSK�VWHPPHG�IURP�D�SRLQWZLVH�IRFXV�DQG�WKHQ�¿OOLQJ�LQ�YDULDWLRQ�EHWZHHQ�
WKHVH�SRLQWV��ZKHUHDV�=DF¶V�JUDSK�HPHUJHG�IURP�LPDJLQLQJ�YDULDWLRQ�RYHU�D��IRU�WKH�PRVW�SDUW��
FRQWLQXXP�RI�YDOXHV��(YHQ�DIWHU�EHLQJ�DVNHG�IRU�WKH�y�YDOXH�WKDW�FRUUHVSRQGV�WR�[� ���DQG�KLV�
VWDWLQJ�WKDW�WKH�y�YDOXH�LV�VLQ�����%RE�GHQRWHG�WKLV�RQ�KLV�SURGXFHG�JUDSK�DV�RSSRVHG�WR�LGHQWLI\-
LQJ�WKDW�VLQ����ZDV�D�SRVLWLYH�YDOXH�

Figure 9. %RE¶V�*UDSK
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Concluding Remarks
7KH�PXOWLSOH�FRQWH[WV�RI� WULJRQRPHWU\�FDQ�EH� WKRXJKW�RI�DV�PDNLQJ� WULJRQRPHWU\�D�FRPSOH[�
WRSLF��EXW�WKLV�FRPSOH[LW\�DOVR�FUHDWHV�DQ�RSSRUWXQLW\�WR�VXSSRUW�PHDQLQJV�JURXQGHG�LQ�TXDQWLWD-
WLYH�UHDVRQLQJ��)RU�LQVWDQFH��WKH�XQLW�FLUFOH�RIIHUV�D�VHWWLQJ�WR�GHYHORS�WKH�VLQH�DQG�FRVLQH�IXQF-
WLRQV�DV�UHSUHVHQWDWLYH�RI�FRYDULDWLRQDO�UHODWLRQVKLSV��([FHSW�����$�FLUFOH�FRQWH[W�DOVR�HQDEOHV�
XVLQJ�PHDVXUHPHQW�LGHDV�WR�FRQQHFW�DQJOH�PHDVXUH��WKH�XQLW�FLUFOH��WULJRQRPHWULF�IXQFWLRQV��DQG�
WKH�FRPPRQO\�SUHVHQWHG�WULJRQRPHWULF�UDWLRV�

0DQ\� RI� WKH� LGHDV� H[SORUHG� LQ� WKLV� FKDSWHU� DUHQ¶W� VSHFL¿F� WR� WULJRQRPHWU\� DQG� LQYROYH�
WRSLFV� LQWURGXFHG�PDQ\�\HDUV�SUHYLRXV� WR� VWXGHQWV¶�¿UVW� H[SHULHQFH�ZLWK� WULJRQRPHWULF� IXQF-
WLRQV��7KH�DERYH�H[DPSOHV�LQFOXGH�PHDVXUHPHQW��DQJOH�PHDVXUH��IXQFWLRQ��JUDSKLQJ��DQG�JLYLQJ�
PHDQLQJ� WR� FDOFXODWLRQV��7KHVH� LGHDV� DUH� UHOHYDQW� WR� DQ� DEXQGDQFH�RI� WRSLFV� LQ�PDWKHPDWLFV�
HGXFDWLRQ�DW�WKH�.����OHYHO��ZKLFK�HPSKDVL]HV�WKDW�FRKHUHQFH�LV�EHVW�WKRXJKW�RI�LQ�WHUPV�RI�D�
V\VWHP�RI�PHDQLQJV�DQG�KRZ�WKHVH�PHDQLQJV�DUH��RU�DUH�QRW��VXSSRUWLYH�RI�HDFK�RWKHU�DFURVV�WKH�
PDWKHPDWLFV�ODQGVFDSH��,I�ZH��DV�HGXFDWRUV��H[SHFW�VWXGHQWV�WR�JHQHUDWH�FRKHUHQW�PDWKHPDWLFDO�
XQGHUVWDQGLQJV��WKHQ�LW�LV�QHFHVVDU\�WKDW�ZH�DUWLFXODWH�PHDQLQJV�DQG�LGHDV�WKDW�DUH�GHYHORSPHQ-
WDOO\�FRKHUHQW��:H�PXVW�DOVR�JDLQ�LQVLJKWV�LQWR�KRZ�VXFK�PHDQLQJV�DQG�LGHDV�FDQ�EH�IRVWHUHG�
ZKHQ�ZRUNLQJ�ZLWK�VWXGHQWV��ZKLFK�RIWHQ�UHTXLUHV�PRGLI\LQJ�RXU�QRWLRQV�RI�FRKHUHQFH�DV�ZH�
ZRUN�ZLWK�VWXGHQWV��)RU�LQVWDQFH��LW�ZDV�QRW�XQWLO�ZRUNLQJ�ZLWK�D�JURXS�RI�SUH�VHUYLFH�WHDFK-
HUV� WKDW� ,� EHFDPH� DZDUH� RI� WKH� LPSRUWDQFH� RI�PDJQLWXGH�PHDVXUH� UHDVRQLQJ� LQ� WKH� WHDFKLQJ�
DQG�OHDUQLQJ�RI�WULJRQRPHWU\��4XDQWLWDWLYH�UHDVRQLQJ�RIIHUV�D�OHQV�IRU�DUWLFXODWLQJ�PDWKHPDWLFDO�
PHDQLQJV�DQG�V\VWHPV�RI�LGHDV��$GGLWLRQDOO\��TXDQWLWDWLYH�UHDVRQLQJ�SURYLGHV�D�OHQV�WR�FKDUDF-
WHUL]H�VWXGHQW� WKLQNLQJ�DQG�PDNH� LQVWUXFWLRQDO�GHFLVLRQV�EDVHG�RQ� WKHVH�FKDUDFWHUL]DWLRQV��$V�
HDFK�VWXGHQW¶V�PDWKHPDWLFV�LV�SHFXOLDU�WR�WKDW�VWXGHQW��LW�LV�QHFHVVDU\�WKDW�DOO�SXUVXLWV�WR�FUHDWH�
D�FRKHUHQW�PDWKHPDWLFDO�H[SHULHQFH�IRU�VWXGHQWV�UHPDLQ�DWWHQWLYH�WR�WKRVH�ZKR�DUH�WUXO\�GRLQJ�
WKH�FUHDWLQJ�±�WKH�VWXGHQWV��

$FNQRZOHGJHPHQWV�� ,� WKDQN�'DYLG�%UHVVRXG�DQG�3DW�7KRPSVRQ� IRU� OD\LQJ�PXFK�RI� WKH�
JURXQGZRUN�LQ�WKH�DUHD�RI�WULJRQRPHWU\��0DQ\�RI�WKH�LGHDV�SUHVHQWHG�LQ�WKLV�FKDSWHU�VWHP�IURP�
WKHLU�H[WHQVLYH�GLVFXVVLRQV�RI�WKH�WHDFKLQJ�DQG�OHDUQLQJ�RI�WULJRQRPHWU\��DQG�,�DP�LQGHEWHG�WR�
WKHP�IRU�VXFK�FRQWULEXWLRQV�

References
$NNRF��+�� ��������3UH�VHUYLFH�PDWKHPDWLFV� WHDFKHUV¶� FRQFHSW� LPDJH�RI� UDGLDQ�� ,QWHUQDWLRQDO�

-RXUQDO�RI�0DWKHPDWLFDO�(GXFDWLRQ�LQ�6FLHQFH�DQG�7HFKQRORJ\������������������

%UHVVRXG��'��0����������+LVWRULFDO�UHÀHFWLRQV�RQ�WHDFKLQJ�WULJRQRPHWU\��0DWKHPDWLFV�7HDFKHU��
�����������������

&DUOVRQ��0���-DFREV��6���&RH��(���/DUVHQ��6���	�+VX��(����������$SSO\LQJ�FRYDULDWLRQDO�UHDVRQ-
LQJ�ZKLOH�PRGHOLQJ�G\QDPLF�HYHQWV��$�IUDPHZRUN�DQG�D�VWXG\��-RXUQDO� IRU�5HVHDUFK�LQ�
0DWKHPDWLFV�(GXFDWLRQ������������������

&DVWLOOR�*DUVRZ��&��&����������7HDFKLQJ�WKH�9HUKXOVW�PRGHO��$�WHDFKLQJ�H[SHULPHQW�LQ�FRYDULD�
WLRQDO� UHDVRQLQJ� DQG� H[SRQHQWLDO� JURZWK�� 3K�'��'LVVHUWDWLRQ��$UL]RQD�6WDWH�8QLYHUVLW\��
86$���

&RQIUH\��-���	�6PLWK��(����������6SOLWWLQJ��FRYDULDWLRQ��DQG�WKHLU�UROH�LQ�WKH�GHYHORSPHQW�RI�H[-
SRQHQWLDO�IXQFWLRQV��-RXUQDO�IRU�5HVHDUFK�LQ�0DWKHPDWLFV�(GXFDWLRQ�������������



��

COHERENCE, QR, AND TRIGONOMETRY

0RRUH��.��&�� ��������$Q� LQYHVWLJDWLRQ� LQWR� SUHFDOFXOXV� VWXGHQWV¶� FRQFHSWLRQV� RI� DQJOH�PHD�
VXUH��3DSHU�SUHVHQWHG�DW�WKH�7ZHOIWK�$QQXDO�6SHFLDO�,QWHUHVW�*URXS�RI�WKH�0DWKHPDWLFDO�
$VVRFLDWLRQ�RI�$PHULFD�RQ�5HVHDUFK�LQ�8QGHUJUDGXDWH�0DWKHPDWLFV�(GXFDWLRQ��6,*0$$�
RQ�580(��&RQIHUHQFH��5DOHLJK��1&��1RUWK�&DUROLQD�6WDWH�8QLYHUVLW\�

0RRUH��.��&����������7KH�UROH�RI�TXDQWLWDWLYH�DQG�FRYDULDWLRQDO�UHDVRQLQJ�LQ�GHYHORSLQJ�SUH�
FDOFXOXV�VWXGHQWV¶�LPDJHV�RI�FHQWUDO�FRQFHSWV�RI�WULJRQRPHWU\��3K�'��'LVVHUWDWLRQ��$UL]RQD�
6WDWH�8QLYHUVLW\��86$���

0RRUH��.��&�� �VXEPLWWHG���0DNLQJ�VHQVH�E\�PHDVXULQJ�DUFV��$� WHDFKLQJ�H[SHULPHQW� LQ�DQJOH�
PHDVXUH��(GXFDWLRQDO�6WXGLHV�LQ�0DWKHPDWLFV. 

0RRUH��.��&���/D)RUHVW��.��5���	�.LP��+��-���LQ�SUHVV���7KH�XQLW�FLUFOH�DQG�XQLW�FRQYHUVLRQV� 
3DSHU� SUHVHQWHG� DW� WKH� )LIWHHQWK� $QQXDO� 6SHFLDO� ,QWHUHVW� *URXS� RI� WKH� 0DWKHPDWLFDO�
$VVRFLDWLRQ�RI�$PHULFD�RQ�5HVHDUFK�LQ�8QGHUJUDGXDWH�0DWKHPDWLFV�(GXFDWLRQ��6,*0$$�
RQ�580(��&RQIHUHQFH��3RUWODQG��25��3RUWODQG�6WDWH�8QLYHUVLW\�

2HKUWPDQ��0���&DUOVRQ��0���	�7KRPSVRQ��3��:����������)RXQGDWLRQDO�UHDVRQLQJ�DELOLWLHV�WKDW�
SURPRWH�FRKHUHQFH�LQ�VWXGHQWV¶�IXQFWLRQ�XQGHUVWDQGLQJ��,Q�0��3��&DUOVRQ�	�&��5DVPXVVHQ�
�(GV����0DNLQJ�WKH�FRQQHFWLRQ��5HVHDUFK�DQG�WHDFKLQJ�LQ�XQGHUJUDGXDWH�PDWKHPDWLFV�HGX�
FDWLRQ��SS����������:DVKLQJWRQ��'�&���0DWKHPDWLFDO�$VVRFLDWLRQ�RI�$PHULFD�

5HHG�� 6�� .�� �������� 'RHV� XQLW� DQDO\VLV� KHOS� VWXGHQWV� FRQVWUXFW� HTXDWLRQV"� &RJQLWLRQ� DQG�
,QVWUXFWLRQ������������������

6PLWK�,,,��-���	�7KRPSVRQ��3��:����������4XDQWLWDWLYH�UHDVRQLQJ�DQG�WKH�GHYHORSPHQW�RI�DOJH-
EUDLF�UHDVRQLQJ��,Q�-��-��.DSXW��'��:��&DUUDKHU�	�0��/��%ODQWRQ��(GV����$OJHEUD�LQ�WKH�HDUO\�
JUDGHV��SS�����������1HZ�<RUN��1<��/DZUHQFH�(UOEDXP�$VVRFLDWHV�

6WHIIH��/��3�������D���&RPSRVLWH�XQLWV�DQG�WKHLU�VFKHPHV��3DSHU�SUHVHQWHG�DW�WKH�$QQXDO�0HHWLQJ�
RI�WKH�$PHULFDQ�(GXFDWLRQDO�5HVHDUFK�$VVRFLDWLRQ��&KLFDJR��,/��

6WHIIH��/��3�� �����E���2SHUDWLRQV� WKDW� JHQHUDWH� TXDQWLW\��-RXUQDO� RI�/HDUQLQJ�DQG� ,QGLYLGXDO�
'LIIHUHQFHV���������������

6WHIIH��/��3���	�2OLYH��-����������&KLOGUHQ¶V�IUDFWLRQDO�NQRZOHGJH��1HZ�<RUN��6SULQJHU�

6WHIIH��/��3���	�7KRPSVRQ��3��:����������7HDFKLQJ�H[SHULPHQW�PHWKRGRORJ\��8QGHUO\LQJ�SULQ-
FLSOHV�DQG�HVVHQWLDO�HOHPHQWV��,Q�5��/HVK�	�$��(��.HOO\��(GV����5HVHDUFK�GHVLJQ�LQ�PDWK�
HPDWLFV�DQG�VFLHQFH�HGXFDWLRQ��SS������������+LOOVLGH��1-��(UOEDXP�

7DOO��'���	�9LQQHU��6����������&RQFHSW�LPDJH�DQG�FRQFHSW�GH¿QLWLRQ�LQ�PDWKHPDWLFV�ZLWK�SDU-
WLFXODU�UHIHUHQFH�WR�OLPLWV�DQG�FRQWLQXLW\��(GXFDWLRQDO�6WXGLHV�LQ�0DWKHPDWLFV�������������
�����

7KRPSVRQ��3��:����������$�FRJQLWLYH�PRGHO�RI�TXDQWLW\�EDVHG�DOJHEUDLF�UHDVRQLQJ��3DSHU�SUH-
VHQWHG� DW� WKH�$QQXDO�0HHWLQJ� RI� WKH�$PHULFDQ� (GXFDWLRQDO� 5HVHDUFK�$VVRFLDWLRQ�� 6DQ�
)UDQFLVFR��&$��

7KRPSVRQ��3��:�������D���7KH�GHYHORSPHQW�RI�WKH�FRQFHSW�RI�VSHHG�DQG�LWV�UHODWLRQVKLS�WR�FRQ-
FHSWV�RI�UDWH��,Q�*��+DUHO�	�-��&RQIUH\��(GV����7KH�GHYHORSPHQW�RI�PXOWLSOLFDWLYH�UHDVRQLQJ�
LQ�WKH�OHDUQLQJ�RI�PDWKHPDWLFV��$OEDQ\��1<��681<�3UHVV�

7KRPSVRQ��3��:�� �����E��� ,PDJHV�RI� UDWH� DQG�RSHUDWLRQDO�XQGHUVWDQGLQJ�RI� WKH� IXQGDPHQWDO�
WKHRUHP�RI�FDOFXOXV��(GXFDWLRQDO�6WXGLHV�LQ�0DWKHPDWLFV��������������������



��

COHERENCE, QR, AND TRIGONOMETRY

7KRPSVRQ��3��:����������&RQFHSWXDO�DQDO\VLV�RI�PDWKHPDWLFDO�LGHDV��6RPH�VSDGHZRUN�DW�WKH�
IRXQGDWLRQV�RI�PDWKHPDWLFV�HGXFDWLRQ��,Q�2��)LJXHUDV��-��/��&RUWLQD��6��$ODWRUUH��7��5RMDQR�
	�$��6pSXOYHGD��(GV����3URFHHGLQJV�RI�WKH�$QQXDO�0HHWLQJ�RI�WKH�,QWHUQDWLRQDO�*URXS�IRU�
WKH�3V\FKRORJ\�RI�0DWKHPDWLFV�(GXFDWLRQ��9RO�����SS����������0RUpOLD��0H[LFR��30(�

7KRPSVRQ��3��:����������4XDQWLWDWLYH�UHDVRQLQJ�DQG�PDWKHPDWLFDO�PRGHOLQJ��,Q�6��&KDPEHUOLQ��
/��/��+DW¿HOG�	�6��%HOEDVH��(GV����1HZ�SHUVSHFWLYHV�DQG�GLUHFWLRQV�IRU�FROODERUDWLYH�UH�
VHDUFK�LQ�PDWKHPDWLFV�HGXFDWLRQ��3DSHUV�IURP�D�SODQQLQJ�FRQIHUHQFH�IRU�:,6'20A��SS��
��������/DUDPLH��:<��8QLYHUVLW\�RI�:\RPLQJ�

7KRPSVRQ��3��:���&DUOVRQ��0��3���	�6LOYHUPDQ�� -�� ��������7KH�GHVLJQ�RI� WDVNV� LQ�VXSSRUW�RI�
WHDFKHUV¶� GHYHORSPHQW� RI� FRKHUHQW� PDWKHPDWLFDO� PHDQLQJV�� -RXUQDO� RI� 0DWKHPDWLFV�
7HDFKHU�(GXFDWLRQ���������������

7KRPSVRQ�� 3��:��� 	� 6DOGDQKD�� /��$�� �������� )UDFWLRQV� DQG� PXOWLSOLFDWLYH� UHDVRQLQJ�� ,Q� -��
.LOSDWULFN��*��0DUWLQ�	�'�� 6FKLIWHU� �(GV����5HVHDUFK� FRPSDQLRQ� WR� WKH� SULQFLSOHV� DQG�
VWDQGDUGV�IRU�VFKRRO�PDWKHPDWLFV��SS�����������5HVWRQ��9$��1DWLRQDO�&RXQFLO�RI�7HDFKHUV�
RI�0DWKHPDWLFV�

7RSoX��7���.HUWLO��0���$NNRo��+���<LOPD]��.���	�gQGHU��2����������3UH�VHUYLFH�DQG�LQ�VHUYLFH�
PDWKHPDWLFV�WHDFKHUV¶�FRQFHSW�LPDJHV�RI�UDGLDQ��,Q�-��1RYRWQi��+��0RUDRYi��0��.UiWNi�	�
1��6WHKOtNRYi��(GV����3URFHHGLQJV�RI�WKH���WK�&RQIHUHQFH�RI�WKH�,QWHUQDWLRQDO�*URXS�IRU�
WKH�3V\FKRORJ\�RI�0DWKHPDWLFV�(GXFDWLRQ��9RO�����SS������������3UDJXH��30(�

:LOGL��7����������8QLWV�DQG�FRQYHUVLRQ�FKDUWV��$�KDQGERRN�IRU�HQJLQHHUV�DQG�VFLHQWLVWV��1HZ�
<RUN��,(((�3UHVV�


